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Abstract
We propose a new method for an analytical, non-perturbative computation of ef-
fective quark interactions from QCD. It is based on an exact flow equation which
describes the scale dependence of the effective average action for quarks in presence
of gluons.
1 Introduction
Quantum chromodynamics as the theory of strong interactions shows very different
facets at short and long distances. The high momentum behaviour is governed by
asymptotic freedom [1] and the relevant degrees of freedom are quarks and gluons.
In contrast, the particles which are observed at large length scales (larger than
1 fm) are mesons and hadrons. The interactions of the pseudoscalar mesons are
modeled by chiral perturbation theory [2]. The corresponding nonlinear σ-model
shares the flavour symmetries of perturbative QCD. It is believed that the free
phenomenological parameters of this model can ultimately be computed from the
action of QCD, but this is not a simple task.
Recently, the transition from quark degrees of freedom to meson degrees of free-
dom has been described by a nonperturbative flow equation [3]. It is based on the
concept of the effective average action Γk [4] for which only quantum fluctuations
with (covariant) momenta q2 > k2 are integrated out. The average action is the ef-
fective action for averages of fields. It acts like a microscope by which we can look at
the theory at different length scales, with a “resolution” given by the scale k−1. For
k = 0 one recovers the usual effective action, i.e. the generating functional of the 1PI
Green functions, whereas for k →∞ Γk equals the classical action. The dependence
of Γk on the scale k is described by an exact nonperturbative flow equation [5]. By
the introduction of composite fields for the mesons the original equation formulated
for quarks can be transmuted into an equivalent exact flow equation involving also
the mesons [3].
In a first attempt the chiral condensate < ψ¯ψ > and the pion decay constant
fπ were computed along these lines [3]. In this approach the gluons have not been
considered explicitly. Their effect was encoded in a phenomenologically motivated
four-quark interaction, which may be thought as the result of integrating out the
gluons in the defining functional integral. If one aims at a computation of the effec-
tive parameters of chiral perturbation theory from the QCD action, this shortcut has
to be removed. A full computation should start at short distances with the quark-
gluon description of QCD and systematically account for the quantum fluctuations
of the gluon field.
Conceptually, one may integrate out the gluons at once and end with an effective
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quark theory. In practice, this seems almost impossible: A determination of the
resulting complicated nonlocal quark interactions requires more or less a complete
solution of QCD. On the other hand, the form of the flow equation at a given scale
k is not sensitive to details of physics at momentum scales much below k. Only
the effective propagators and vertices for modes with momenta q2 ≈ k2 play a
role for this equation. A typical scale where the light mesons form is around 700
MeV and therefore substantially higher than the confinement scale. This situation
further improves for problems involving heavier quarks as for example the charmed
or beauty mesons. One may hope that very detailed features of confinement are not
needed for an understanding of the mesons. An appropriate tool would therefore be
a method which only integrates out the gluon fluctuations with momenta q2 > k2
instead of addressing the much more complicated problem of integrating out all gluon
fluctuations at once. Formally, it is easy to do this at a given scale k1. One needs to
compute the effective action for quarks and gluons Γk1 [ψ,A] at this scale. Solving
the classical field equation for the gluon field A in dependence on ψ and inserting
this classical solution into Γk1[ψ,A] yields exactly an effective average action Γk1 [ψ]
involving only the quark fields. The quark-effective action Γk1[ψ] may then be used
as an initial value for solving a pure fermionic flow equation for k < k1. Obviously,
the shortcoming of such an approach ist the complete omission of the effects of
gluon fluctuations with q2 < k21. Choosing a different scale k2 for eliminating the
gluons will lead to a different result. Such a sharp transition between the quark-
gluon system and a description involving only quarks necessarily introduces a certain
degree of arbritariness.
We propose here a more refined method which changes the classical solution for
the gluon field in the course of the evolution towards lower k, thus reflecting the
change in the form of Γk[ψ,A]. The result is a smooth procedure for integrating out
the gluons, where at every scale k all gluon fluctuations with q2 > k2 are included.
Nevertheless, we obtain a flow equation for the quark effective average action Γk[ψ],
where gluon fields do not appear explicitly. As a consequence of the inclusion of
contributions from additional gluon fluctuations as the scale is lowered, correction
terms appear in the flow equation for the quark interactions. In particular, we choose
here a formulation where the k-dependent classical solution for A as a functional of
ψ includes an effective infrared cutoff ∼ k. As a consequence, the only nonlocalities
2
in Γk[ψ] concern length scales shorter than k
−1. For the fermionic low momentum
modes Γk[ψ] is an effectively local action. For example, a derivative expansion
is meaningful for q2 ≪ k2. The expected nonlocalities arising from the complete
elimination of gluon fields (for example a four-quark interaction ∼ 1
q2
appearing
already in the Born approximation) build up only step by step as k is lowered to
zero. As a result of this method we will end with an exact nonperturbative flow
equation for the scale dependence of Γk[ψ]. Approximations will be needed to solve
this equation but they are not limited to perturbative concepts. The correction
terms reflecting the gluon fluctuations require limited knowledge about the effective
gluon propagator and vertices. It is hoped that rather crude approximations for the
gluonic vertices can already lead to satisfactory results.
In sect. 2 we first demonstrate our formalism for a simple model of two scalar
fields. The flow of the effective average action for one of the scalar fields obtains by
integrating out the other scalar field at any scale k. Subsequently this is general-
ized to quarks and gluons. We also give a first demonstration how this formalism
describes the flow of the two- and four-point function in the effective quark theory.
The special case of heavy quarks is addressed in sect. 3. Here we argue that the
evolution of the gauge field propagator is needed in this limit. In sect. 4 we com-
pute the corresponding flow equation and discuss the scale dependence of the gluon
propagator. In sect. 5 we collect all the ingredients needed for the flow equation in
case of light quarks. Finally, our conclusions are contained in sect. 6.
2 Reduction of degrees of freedom
First we consider for simplicity two types of scalar fields, ϕ and ψ. We want to
develop a formalism how to translate evolution equations for the effective average
action for ϕ and ψ into corresponding equations involving only ψ. The reader may
associate ϕ with the gluon fields and ψ with the quark fields. Our aim is then the
construction of the effective average action for quarks out of the coupled quark-gluon
system. This amounts to integrating out the gluonic degrees of freedom represented
in the simplified model by ϕ. We start with the scale-dependent generating func-
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tional for the connected Green functions
Wk[J,K] = ln
∫
Dϕ′Dψ′ exp−{S[ϕ′, ψ′] + ∆(ϕ)k S[ϕ
′] + ∆
(ψ)
k S[ψ
′]− J†ϕ′ −K†ψ′}
(2.1)
Here we denote the degrees of freedom contained in ϕ′ (for example the Fourier
modes) by ϕ′α and similar for ψ′, J and K, with1 J†ϕ′ = J∗αϕ
′α, K†ψ′ = K∗βψ
′β.
We have introduced an infrared cutoff quadratic in the fields
∆
(ϕ)
k S[ϕ
′] =
1
2
ϕ′
†
R
(ϕ)
k ϕ
′ (2.2)
and similar for ψ. This suppresses the contribution of fluctuations with small mo-
menta q2 < k2 to the functional integral (2.1). Typically R
(ϕ)
k , R
(ψ)
k are functions of
q2 as, for example,
R
(ϕ)
k =
Zkq
2 exp
(
− q
2
k2
)
1− exp
(
− q
2
k2
) (2.3)
which acts like a mass term R
(ϕ)
k ∼ Zkk
2 for q2 ≪ k2. The effective average action
Γk[ϕ, ψ] is related to the Legendre transform of Wk[J,K]
Γ˜k[ϕ, ψ] = −Wk[J,K] + J
†ϕ+K†ψ (2.4)
by subtracting the infrared cutoff term
Γk[ϕ, ψ] = Γ˜k[ϕ, ψ]−∆
(ϕ)
k S[ϕ]−∆
(ψ)
k S[ψ] (2.5)
For k → 0 the infrared cutoff ∆kS = ∆
(ϕ)
k S + ∆
(ψ)
k S vanishes and Γ0 is the usual
generating function for the 1PI Green functions. Using the quadratic form of ∆kS
it is straightforward to derive an exact non-perturbative evolution equation for the
dependence of the effective average action on the scale k (t = ln k) [5]
∂Γk
∂t
=
1
2
Tr
{
(Γ˜
(2)
k )
−1∂Rk
∂t
}
(2.6)
Here Γ˜
(2)
k = Γ
(2)
k + Rk and the inverse propagator Γ
(2)
k is the second functional
derivative of Γk with respect to the fields. The matrix Rk = R
(ϕ)
k + R
(ψ)
k is block
diagonal in ϕ and ψ spaces. The presence of the infrared cutoff Rk in Γ˜
(2)
k guarantees
infrared finiteness for the momentum integral implied by the trace even in case of
1We use indices α, α′ etc. for ϕ and β, β′ etc. for ψ.
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massless modes. Ultraviolet finiteness is guaranteed by the exponential decay of
∂Rk/∂t (2.3). A solution of the flow equation (2.6) interpolates between the classical
action for k →∞ (or k equal to some ultraviolet cutoff Λ) and the effective action
for k → 0.
The generating functional for the connected Green functions for ψ obtains ¿from
(2.1) for J = 0
Wk[K] ≡Wk[J = 0, K] (2.7)
Correspondingly, we may introduce an effective action expressed only in terms of ψ
Γ˜k[ψ] = Γ˜k[ϕk[ψ], ψ] (2.8)
Γk[ψ] = Γ˜k[ψ]−∆
(ψ)
k S[ψ]
= Γk[ϕk[ψ], ψ] + ∆
(ϕ)
k S[ϕk[ψ]] (2.9)
by inserting the k-dependent solution of the field equation
∂Γ˜k[ϕ, ψ]
∂ϕα |ϕk[ψ]
= 0 (2.10)
This defines ϕk as a k-dependent functional of ψ. It is easy to verify that Γ˜k[ψ] is
the Legendre transform of Wk[K] (2.7). One concludes for k → 0 that Γ0[ψ] is the
generating functional for the 1PI Green functions for ψ.
We want to employ the flow equation (2.6) for finding the k-dependence of Γk[ψ].
In addition to the corresponding equation for only one type of fields we have here
additional contributions from the k-dependence of ∆
(ϕ)
k S in (2.1). The evolution
equation for Γk[ψ] can now be obtained by performing in eq. (2.9) a variable trans-
formation which amounts to a shift of ϕ around ϕk[ψ], ϕˆ
α = ϕα − ϕαk [ψ]. One
obtains
∂
∂t
Γk[ψ] =
1
2
(
Γ
(2)
k [ψ] +R
(ψ)
k
)−1β
β′



∂R(ψ)k
∂t


β′
β
+
∂ϕ∗kα′
∂ψ∗β′

∂R(ϕ)k
∂t


α′
α
∂ϕαk
∂ψβ


+
1
2
ϕ∗kα′[ψ]

∂R(ϕ)k
∂t


α′
α
ϕαk [ψ] +
1
2
(
Γ˜
(2)
k [ϕ = ϕk, ψ]
)−1α
α′

∂R(ϕ)k
∂t


α′
α
(2.11)
It is easy to verify that this equation reduces in the limit R
(ϕ)
k = 0 to the equivalent
of eq. (2.6) for fields ψ only. The corrections in the first two terms involve the
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explicit form of the “classical solution” ϕk[ψ]. If one is interested in 1PI Green
functions for ψ with a given number of external legs one only needs a polynomial
expansion of ϕk[ψ] up to a given order. For example, the evolution of the term ∼ ψ
4
in Γk[ψ] needs the classical solution up to the order ψ
4 if the series ϕk[ψ] starts
with a term quadratic in ψ. Additional knowledge of the form of Γk[ϕˆ, ψ] beyond
its value for ϕˆ = 0 is only needed for the last correction term in the form of
(
Γˆ
(2)
k [0, ψ]
)α′
α
=
∂2Γk[ϕ, ψ]
∂ϕˆ∗α′∂ϕˆ
α |ϕˆ=0
+
(
R
(ϕ)
k
)α′
α
(2.12)
Only the ψ-dependence of the effective ϕˆ-propagator plays a role for the study of
1PI functions for ψ.
Let us next apply the general flow equation (2.11 explicitly to the quark-gluon
system. If ψ is a Grassmann variable as appropriate for fermions the matrix Rk in
(2.6) becomes
Rk = R
(ϕ)
k − R
(ψ)
k (2.13)
Also ψ∗ should be replaced by ψ¯ and the index summation over β should involve
both ψ and ψ¯ separately. For the gauge fields we will choose here a formulation with
explicit ghost variables in close analogy, but slightly different from the formulation in
ref. [6]. This makes our formulation as close as possible to the language of standard
perturbation theory. Details can be found in the appendix.
We start with the action including a gauge-fixing term in the background gauge
and a corresponding action for the anticommuting ghost fields ξ, ξ¯
Sˆ[ψ′, ξ′, a; A¯] = S[ψ′, A′] + Sgf [a; A¯] + Sgh[ξ
′, a; A¯] (2.14)
Here S is a gauge invariant functional of the fermion fields ψ, ψ¯ and the gauge field
A′µ = A¯µ + aµ. (2.15)
The background gauge field A¯µ appears in the gauge fixing and ghost terms
Sgf =
1
2α
∫
ddxG∗zG
z (2.16)
Gz = (Dµ[A¯])zya
y
µ (2.17)
Sgh =
∫
ddxξ¯′y(−D
µ[A¯]Dµ[A¯+ a])
y
zξ
′z (2.18)
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Here Dµ[A¯] is the covariant derivative in the adjoint representation in presence of
the background gauge field A¯. The generating functional for the connected Green
functions is defined as usual
W [η, ζ,K; A¯] =
∫
Dψ′Dψ¯′Dξ′Dξ¯′Da exp−{Sˆ −
∫
ddx[η¯ψ′ + ηψ¯′ + ζ¯ξ′ + ζξ¯′ +Ka]}
(2.19)
We have introduced here also sources ζ for the ghost fields and note that the source
Kµz couples to the gauge field fluctuation a
z
µ and therefore transforms homogeneously
under gauge transformations as an adjoint tensor. The k-dependent version Wk
obtains from W by adding to Sˆ the infrared cutoff piece
∆kS = ∆
(ψ)
k S +∆
(A)
k S +∆
(gh)
k S (2.20)
Here the fermionic cutoff reads
∆
(ψ)
k S = ψ¯
′
β′(R
(ψ)
k )
β′
βψ
′β
=
∫
ddxψ¯′Zψ,k(iγ
µDµ[A¯]) r
(ψ)
k (−D
2[A¯]/k2)ψ′ (2.21)
with Dµ the covariant derivative in the appropriate representation (D
2 = DµD
µ)
and r
(ψ)
k a dimensionless function. For the gauge field cutoff we choose
∆
(A)
k S =
1
2
a∗α′(Rk)
α′
αa
α
=
1
2
∫
ddxayν
[
D[A¯] r(A)k
(
Z−1A,kD[A¯]
k2
)]yµ
νz
azµ (2.22)
with D[A¯] an appropriate operator generalizing a covariant Laplacian in the adjoint
representation which will be explained below. The matrix ZA,k accounts for an
appropriate wave function renormalization. Finally, we take for the ghosts
∆
(gh)
k S = ξ¯
′
γ′(R
(gh)
k )
γ′
γξ
′γ
=
∫
ddxξ¯′y[Zgh,kDs[A¯]r
(gh)
k (Ds[A¯]/k
2)]yzξ
′z (2.23)
with Ds[A¯] = −D2[A¯] in the adjoint representation. A good choice for the dimen-
sionless function rk is
2
rk(y) =
e−y
1− e−y
(2.24)
2The function r
(ψ)
k may be chosen differently from (2.24) in order to avoid that Rk diverges for
vanishing covariant momenta.
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such that
lim
D→0
Rk = Zkk
2 (2.25)
The k-dependent functions Zψ,k,ZA,k and Zgh,k will be adapted to corresponding
wave function renormalization constants in the kinetic terms for the fermions, gauge
fields and ghosts. In principle, they can depend on the background field A¯. The
infrared cutoff piece ∆kS cuts off all quantum fluctuations with covariant momenta
smaller than k in the functional integral defining Wk. For covariant momenta larger
than k the infrared cutoff is ineffective and its contribution to the propagator is
exponentially suppressed.
Performing a Legendre transform and subtracting the IR cutoff piece again (c.f.
(2.4), (2.5)) we arrive at the effective average action Γk[ψ, ξ, A, A¯], where A = A¯+ a¯
and a¯ is conjugate to K. The dependence of Γk on the scale k is described by
an exact evolution equation analogous to eq. (2.6), with a negative sign for the
contributions ∼ R(ψ)k and R
(gh)
k . It is derived in the appendix (A.12). We note that
Γk only involves terms with an even number of ghost fields due to the symmetry
ξ¯′ → −ξ¯′, ξ′ → −ξ′ of the Sgh and ∆
(gh)
k S. In consequence, the ghost field equations
δΓk
δξ¯
= 0,
δΓk
δξ
= 0 (2.26)
have always the solution ξ¯ = ξ = 0. We therefore can extract the propagators and
vertices for the physical particles from the effective action for ξ¯ = ξ = 0:
Γk[ψ,A, A¯] = Γk[ψ, 0, A, A¯] (2.27)
Nevertheless, the evolution equation for Γk[ψ,A, A¯] obtains a contribution from the
variation of the infrared cutoff of the ghost fields as given by
∂
∂t
Γk[ψ,A, A¯] =
1
2
Tr
{(
∂
∂t
R
(A)
k
)(
Γ
(2)
k + Rk
)−1}
−Tr
{(
∂
∂t
R
(ψ)
k
)(
Γ
(2)
k +Rk
)−1}
− εk (2.28)
εk = Tr
{(
∂
∂t
R
(gh)
k
) (
Γ
(gh)(2)
k +R
(gh)
k
)−1}
(2.29)
Here Γ
(2)
k +Rk in (2.28) is the matrix of second functional derivatives of Γk+∆
(ψ)
k S+
∆
(A)
k S with respect to ψ and A at fixed A¯. As compared to the more symmetric form
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of the flow equation (A.12) we have combined here similar pieces in the quark and
ghost sector. One should remember, however, that the fermionic part (Γ
(2)
k +Rk)
−1
is a submatrix of a larger matrix containing also ψ¯ψ entries. For the derivation
of eq. (2.28) we have exploited that the matrix of second functional derivatives of
(Γk + ∆kS)[ψ, ξ, A, A¯] is block diagonal in the (ψ,A) and ξ components for ξ =
0. The ghost dependence of Γk[ψ, ξ, A, A¯] appears in the evolution equation for
Γk[ψ,A, A¯] only through the term εk which involves the second functional derivative
with respect to the ghost fields Γ
(gh)(2)
k , which is evaluated at ξ¯ = ξ = 0 and may
depend on ψ,A, A¯. As a consequence of local gauge invariance the average action Γk
must obey anomalous Slavnov-Taylor identities which are displayed in the appendix.
They constrain, in particular, the ghost dependence of Γk. We will not pay much
attention to the detailed form of Γ
(gh)(2)
k in the present paper and approximate it by
its “classical” value (cf. (2.18))
Γ
(gh)(2)
k = −D
µ[A¯]Dµ[A]. (2.30)
or a slight generalization thereof (cf. eq. (4.8)). In order to complete the formal
setup of our investigation we need to specify the operator D in eq. (2.22). A good
choice is
D[A¯] = Γ(A)(2)k [A¯] (2.31)
where Γ
(A)(2)
k is the second functional derivative of Γk[ψ,A, A¯] with respect to A for
fixed A¯ and ψ = 0, evaluated at the point A = A¯. As in previous formulations [6], the
effective average action Γk[ψ,A, A¯] is gauge invariant with respect to simultaneous
gauge transformations of ψ,A and A¯.
We can now apply the formalism of the last section in order to “integrate out”
the gluon fields A. The classical field equation, whose solution is Ak, reads
δΓ˜k[ψ,A, A¯]
δAzµ(x) |A=Ak
= 0 (2.32)
where the derivative should be taken at fixed A¯. At this point Ak becomes a func-
tional of ψ and A¯. For the purpose of the present paper we only consider the special
choice A¯ = 0 and omit the argument A¯ in the following. In this version R
(A)
k be-
comes a simple function of momenta. Summarizing our adaptation of eq. (2.11) for
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quarks and gluons one obtains
∂
∂t
Γk[ψ] = −
(
Γ
(2)
k [ψ] +R
(ψ)
k
)−1β
β′



∂R(ψ)k
∂t


β′
β
−
∂A∗kα′
∂ψ¯β′

∂R(A)k
∂t


α′
α
∂Aαk
∂ψβ


+
1
2
(
Γ
(2)
k [ψ,A = Ak[ψ]] +R
(A)
k
)−1α
α′

∂R(A)k
∂t


α′
α
+
1
2
A∗kα′

∂R(A)k
∂t


α′
α
Aαk − εk[ψ,Ak[ψ]] (2.33)
The flow equation (2.33) is the central equation of this paper. In order to exploit
this equation we need Ak[ψ], Γ
(2)
k [ψ,Ak] and εk[ψ,Ak].
Our aim is the solution of the flow equation for k → 0, starting at some high
scale k0 where Γk0[ψ] can be reliably computed by solving the field equation for Ak0
in a perturbative context. As k decreases, we gradually explore the non-perturbative
regime and the full quantum-effective action obtains for k = 0. Obviously, such a
program is only feasible with approximations that truncate the most general form
of Γk. The truncation used in the next two sections concerns the three-gluon and
four-gluon vertices which are approximated by a momentum-independent, but k-
dependent running gauge coupling. A similar truncation is used for the ghost con-
tribution. In sect. 5 we truncate, in addition, the most general form of the four-
and six-fermion interactions.
We are interested in the evolution of the two- and four-point functions for the
quarks. The respective flow equations for these quantities obtain by taking the
second and fourth functional derivative of eq. (2.33) at ψ = ψ¯ = 0. We label the
different contributions on the r.h.s. of eq. (2.33) by
∂
∂t
Γk[ψ] = −γψ + γAψ + γA + γc − ǫ (2.34)
and discuss them separately. The first term
γψ = Tr
{(
Γ
(2)
k [ψ] +R
(ψ)
k
)−1 ∂
∂t
R
(ψ)
k
}
(2.35)
is the standard contribution of a pure fermionic theory. The remaining terms γAψ, γA
and γc involve R
(A)
k and reflect the contributions from gluons, whereas ǫ gives the
ghost contribution. The term
γA =
1
2
Tr
{(
Γ
(2)
k +R
(A)
k
)−1 ∂
∂t
R
(A)
k
}
(2.36)
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involves only a trace over gluonic degrees of freedom and accounts for the contribu-
tion of gluon fluctuations around the ψ-dependent classical solution. The contribu-
tion of γA to the fermionic two- and four-point functions is given by the dependence
of Γ
(2)
k [ψ,Ak[ψ], 0]
α
α′ on ψ. Relevant contributions to γA therefore arise from terms
in Γk[ψ,A, 0] which are either quadratic in A and also depend on ψ or are cubic or
higher-order in A.
We use a truncation where the first sort of terms is absent and no relevant con-
tribution to γA would be present for an abelian gauge theory. For nonabelian gauge
theories we get contributions ¿from the three- and four-gluon vertices in Γk[ψ,A].
We approximate here these vertices by the (standard) lowest order expressions which
are obtained from functional derivatives of FµνF
µν . More precisely, we use on the
r.h.s. of the flow equation
δ
δAρw(y)
(
Γ
(2)
k [ψ,A, A¯ = 0]
)yµ
νz
(x, x′) =
δ
δAρw(y)
(
D˜[A]
)yµ
νz
δ(x− x′) (2.37)
with
Z˜−1F
(
D˜[A]
)yµ
νz
= −(D˜2[A])yzδ
µ
ν + 2ig˜ (Tw)
y
z F
wµ
ν + (D˜ν [A]D˜
µ[A])yz (2.38)
Here D˜µ[A] = ∂µ − ig˜AzµTz represents the covariant derivative in the adjoint repre-
sentation with gauge coupling g˜ and Fµν is the nonabelian field strength associated
to the gauge field Aµ. In this truncation the three- and four-gluon vertices are
parametrized by two running parameters g˜(k) and Z˜F (k). The running renormal-
ized gauge coupling gk is related to them by
g2k = g˜
2Z˜−1F (2.39)
We observe that Γk[ψ,A, 0] is invariant under global gauge transformations of ψ and
A. The expression for γA does not explicitly depend on ψ in our truncation and
γA[ψ = 0, Ak] or Γk[0, Ak, 0] cannot contain a term linear in Ak. There is therefore
no contribution from γA to the flow equation of the fermionic two-point function. An
estimate of the contribution to the four-quark interaction from γA therefore amounts
to a computation of the gluon contribution to the evolution of the term quadratic
in A in Γk[ψ = 0, A, A¯ = 0].
Similarly the ghost contribution ǫ is (with the approximation (2.30)) only a
functional of A, containing terms quadratic in A (and higher orders). We also
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observe that γA and ǫ only account for the gluon and ghost contributions to the
effective gluon propagator, whereas the contribution from quark loops is implicitly
contained in γψ. We note that the latter is not distinguished any more from any other
fermionic contributions, as, for example, from an explicit four-quark interaction in
Lk[ψ]. The contribution
γc =
1
2
A∗kα′

∂R(A)k
∂t


α′
α
Aαk (2.40)
describes the effect of the “classical” change in the infrared cutoff as k is lowered.
It is quadratic in the classical solution Ak[ψ] and therefore gives a contribution to
the fermionic four-point function. Finally the piece γAψ involves the explicit ψ-
dependence of the classical solution ∼ ∂Ak/∂ψ. It contributes to the running of the
fermionic two- and four-point functions.
3 Heavy quark approximation
In the limit of infinitely large quark masses our formalism simplifies considerably. For
euclidean momenta we can omit in eq. (2.33) the terms involving the inverse fermion
propagator (Γ
(2)
k [ψ]+R
(ψ)
k )
−1 since their contribution is suppressed by inverse powers
of the quark masses. In the language of the last section this results in γψ = 0, γAψ =
0. The remaining computation amounts to an investigation of the pure gluon theory
with static quarks. This is done most easily in the language where the gluon fields
are kept explicitly and the relevant effective action is Γk[ψ,A, A¯ = 0]. If one wants
to extract the effective four-quark interaction, one needs the k-dependent effective
gluon propagator and the effective vertex ψ¯ψA. We first describe for arbitrary quark
masses the general framework how an effective four-quark interaction obtains from
“gluon exchange” in the formulation where both quark and gluon degrees of freedom
are kept explicitly. We then specialize to the heavy quark limit.
Let us consider in Γk[ψ,A, A¯] the term quadratic in A
Γ
(A)
k,2 =
1
2
∫ d4q
(2π)4
Aνy(−q)(Γ
(2)
k [ψ = 0, A = 0, A¯ = 0])
yµ
νzA
z
µ(q) (3.1)
and parametrize the most general inverse gluon propagator by
(
Γ
(2)
k [ψ = 0, A = 0, A¯ = 0]
)yµ
νz
(q) = (GA(q)δ
µ
ν +HA(q)qνq
µ)δyz (3.2)
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For the quark-gluon vertex
Γ
(ψ¯ψA)
k =
∫
d4p
(2π)4
d4q
(2π)4
ψ¯ia(p)Gψ(p, q)γ
µ(Tz)
j
i ψ
a
j (p+ q)A
z
µ(−q) (3.3)
we make the approximation that Gψ is a simple function not involving Dirac matri-
ces. Knowledge of GA, HA and Gψ permits to compute the classical solution Ak in
order ψ¯ψ
(A
(0)
k (q))
ν
z = −S
ν
µ(q)
∫
d4p
(2π)4
Gψ(p, q)ψ¯
i
a(p)γ
µ(Tz)
j
i ψ
a
j (p+ q) (3.4)
Here S = (Γ
(2)
k [0] +Rk)
−1 is the gluon propagator in presence of the infrared cutoff
(R
(A)
k )
yµ
νz (q) = (Rk(q)δ
µ
ν + R˜k(q)qνq
µ)δyz (3.5)
and reads
Sνµ(q) = (GA(q) +Rk(q))
−1
{
δνµ − q
νqµ(HA(q) + R˜k(q))·
[GA(q) +Rk(q) + q
2(HA(q) + R˜k(q))]
−1
}
(3.6)
Inserting the classical solution into (3.2) and (3.3) and accounting for the term ∆
(A)
k S
(2.22) we find the effective quark four point function
Γ
(ψ)
k,4 = −
1
2
∫
d4p
(2π)4
d4p′
(2π)4
d4q
(2π)4
Sνµ(q)Gψ(p, q)Gψ(p
′,−q)
{ψ¯ia(p)γ
µ(Tz)
j
i ψ
a
j (p+ q)}{ψ¯
k
b (p
′)γν(T
z) lk ψ
b
l (p
′ − q)}
= −
1
2
∫
d4p1
(2π)4
...
d4p4
(2π)4
(2π)4δ(p1 + p2 − p3 − p4) ·
{F1(p1, p2, p3, p4)M(p1, p2, p3, p4) + F2(p1, p2, p3, p4)N (p1, p2, p3, p4)} (3.7)
with
F1 = Gψ(−p1, p1 − p3)Gψ(p4, p2 − p4)(GA(p1 − p3) +Rk(p1 − p3))
−1
F2 = Gψ(−p1, p1 − p3)Gψ(p4, p2 − p4)(HA(p1 − p3) + R˜k(p1 − p3))
(GA(p1 − p3) +Rk(p1 − p3))
−1[GA(p1 − p3) +Rk(p1 − p3)
+(p1 − p3)
2(HA(p1 − p3) + R˜k(p1 − p3))]
−1 (3.8)
and
N (p1, p2, p3, p4) = {ψ¯
i
a(−p1)(p/1 − p/3)(Tz)
j
i ψ
a
j (−p3)}
{ψ¯kb (p4)(p/2 − p/4)(T
z) lk ψ
b
l (p2)} (3.9)
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M(p1, p2, p3, p4) =
{
ψ¯ia(−p1)γ
µ(T z) ji ψ
a
j (−p3)
} {
ψ¯kb (p4)γµ(Tz)
ℓ
k ψ
b
ℓ(p2)
}
(3.10)
The curled brackets indicate contractions over not explicitly written indices (here
spinor indices), i, j, k, ℓ = 1...Nc are the colour indices and a, b = 1...Nf the flavour
indices of the quarks. By an appropriate Fierz transformation and using the identity
(T z) ji (Tz)
ℓ
k =
1
2
δℓi δ
j
k −
1
2Nc
δji δ
ℓ
k (3.11)
we can split M into three terms [3]
M = Mσ +Mρ +Mp (3.12)
Mσ = −
1
2
{
ψ¯ia(−p1)ψ
b
i (p2)
} {
ψ¯jb(p4)ψ
a
j (−p3)
}
+
1
2
{
ψ¯ia(−p1)γ
5ψbi (p2)
} {
ψ¯jb(p4)γ
5ψaj (−p3)
}
(3.13)
Mρ =
1
4
{
ψ¯ia(−p1)γµψ
b
i (p2
} {
ψ¯jb(p4)γ
µψaj (−p3)
}
+
1
4
{
ψ¯ia(−p1)γµγ
5ψbi (p2)
} {
ψ¯jb(p4)γ
µγ5ψaj (−p3)
}
(3.14)
Mp = −
1
2Nc
{
ψ¯ia(−p1)γµψ
a
i (−p3)
} {
ψ¯jb(p4)γ
µψbj(p2)
}
(3.15)
In terms of the Lorentz invariants
s = (p1 + p2)
2 = (p3 + p4)
2
t = (p1 − p3)
2 = (p2 − p4)
2 (3.16)
we recognize that the quantum numbers of the fermion bilinears inMσ correspond
to colour singlet, flavour non-singlet scalars in the s-channel and similarly for spin-
one mesons for Mρ. In analogy to ref. [3] we associate these terms with the scalar
mesons of the linear σ-model and with the ρ-mesons. The bilinears in the last
termMp correspond to a colour and flavour singlet spin-one boson in the t-channel.
These are the quantum numbers of the pomeron. We observe that in the heavy
quark approximation where Γ
(ψ)
k,4 arises only from “gluon exchange”, the coefficients
of the quark interactions in the σ, ρ and pomeron channel (3.12) are all given by the
same function F1.
The general quark bilinear is conveniently parametrized by the real functions
Zψ(q) and m¯a(q)
Γ
(ψ)
k,2 =
∑
a
∫
d4q
(2π)4
ψ¯ia(q)(Zψ(q)γ
µqµ + m¯a(q)γ
5)ψai (q) (3.17)
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The k-dependence of the functions GA, HA, Gψ, Zψ and m¯a relevant for the two- and
four-point functions for the quarks can now be studied using the evolution equation
(2.28) for Γk[ψ,A, A¯ = 0]. In the truncation where only the terms (3.2),(3.3) and
(3.17) are kept, it is easy to see that the contributons to the k-dependence of Gψ, Zψ
and m¯a all involve quark propagators. In the heavy quark limit they can therefore
be neglected for euclidean external momenta. Only the k-dependence of Γ
(A)
k,2 needs
to be considered. For Zψ and Gψ we may take appropriate momentum-independent
“short-distance couplings”
Zψ(q) = 1
Gψ(p, q) = Z˜
1
2
F (mψ)g(mψ) = g˜(mψ) (3.18)
with renormalized gauge coupling g taken at the scale k = mψ and mψ the heavy
quark mass. We also may identify k = mψ with the “ultraviolet cutoff” or the scale
where the initial values for the flow equation are specified, i.e.
Z˜F (mψ) = 1
GA(q; k = mψ) = q
2 (3.19)
Solving the flow equation for GA(q) for k → 0 yields the effective four-quark in-
teractions for momenta much smaller than the quark mass. For αR = 0 (see next
section) the effective four-quark interaction is fully determined by
Γ
(ψ)
0,4 = −
1
2
g2(mψ)
∫
d4p1
(2π)4
...
d4p4
(2π)4
(2π)4δ(p1 + p2 − p3 − p4)
lim
k→0
G−1A (p1 − p3)
{
M(p1, p2, p3, p4) +
1
(p1 − p3)2
N (p1, p2, p3, p4)
}
(3.20)
We finally should mention that the heavy quark potential or the scattering am-
plitude for heavy quarks cannot be extracted directly from the four-point function
at small momenta p2 ≪ m2ψ. For these purposes the momenta appearing in M
should be taken on-shell, i.e. p21 = p
2
2 = p
2
3 = p
2
4 = −m
2
ψ. Their size is therefore
not small as compared to m2ψ. For on-shell momenta the vertex function Gψ(p, q)
becomes a function of q2. The flow of Gψ(q) does not vanish for k
2 ≪ m2ψ and
we need to supplement the computation of the k-dependence of GA(q) by a corre-
sponding one of Gψ(q). The heavy quark pontential can then be extracted as the
(three-dimensional) Fourier transform of F (q) = G2ψ(q)G
−1
A (q).
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4 Scale dependence of the gluon propagator
In this section we compute a flow equation for the scale dependence of the effective
gluon propagator in the pure Yang-Mills theory. As explained in the last section, this
is the central piece which determines the heavy quark interactions. We will derive the
flow equation for GA in the approximation that the vertices can be extracted from a
term 1
4
Z˜FF
z
µνF
µν
z in the average action, with running wave function renormalization
Z˜F and running gauge coupling. The resulting functional form (4.9) of the r.h.s.
of the flow equation corresponds to γA − ǫ and is valid beyond the heavy quark
approximation. The second part of this section discusses qualitative properties of
the solution of the flow equations. This part is valid only for the pure Yang-Mills
theory or for the heavy quark theory. For the derivation of the evolution equation
we keep the most general gluon propagator. The only truncation concerns the
momentum dependence of the effective three-gluon and four-gluon vertices and the
ghost sector. One finds that the k-dependence of the functions GA(q) and HA(q) is
governed by the flow equations
∂
∂t
GA(q) = Ncg
2
kZ˜F
∫
d4q′
(2π)4
∂˜t
{
(GA(q
′) +Rk(q
′))
−1
Z˜F
[
3−
3
4
b(q′)
]
−
1
2
(GA(q
′) +Rk(q
′))
−1
(GA(q + q
′) +Rk(q + q
′))
−1
Z˜2F[
5q2 + 2(qq′) +
16
3
q′
2 −
10
3
(qq′)2
q2
−
2
3
b(q′)
(
2q′
2
+ 10(qq′) + q2 + 11
(qq′)2
q′2
+ 2
(qq′)3
q2q′2
+
(qq′)2
q2
)
+
1
3
b(q′)b(q + q′)
q2
(q + q′)2
(
q2 −
(qq′)2
q′2
)]
+
1
3
P−1gh (q
′)P−1gh (q + q
′)
[
q′
2
−
(qq′)2
q2
]}
(4.1)
and
∂
∂t
HA(q) = −
1
2
Ncg
2
kZ˜F
∫
d4q′
(2π)4
∂˜t{
(GA(q
′) +Rk(q
′))
−1
(GA(q + q
′) +Rk(q + q
′))
−1
Z˜2F[
40
3
(qq′)2
(q2)2
−
10
3
q′2
q2
+ 10
(qq′)
q2
− 2
16
−2b(q′)
(
2
3
−
4
3
(qq′)
q2
−
14
3
(qq′)2
q2q′2
+
1
3
q′2
q2
−
4
3
(qq′)2
(q2)2
−
8
3
(qq′)3
(q2)2q′2
)
+
1
3
b(q′)b(q + q′)
1
(q + q′)2
(
(qq′)2
q′2
− q2
)]
−
2
3
P−1gh (q
′)P−1gh (q + q
′)
[
3
(qq′)
q2
+ 4
(qq′)2
(q2)2
−
q′2
q2
]}
(4.2)
Here we use
b(q) =
(HA(q) + R˜k(q))q
2
GA(q) +Rk(q) + (HA(q) + R˜k(q))q2
(4.3)
and note that the partial derivative ∂˜t acts only on the explicit infrared cutoff terms
Rk and R˜k. The parts involving the effective ghost propagator P
−1
gh arise from the
ghost contribution ∼ −ǫ. After performing the q′ integration the evolution equations
(4.1), (4.2) can be interpreted as two coupled nonlinear partial differential equations
for the functions GA, HA which depend on two variables k and q
2. They describe
the scale dependence of the gluon propagator in the approximation where both
the three-gluon and the four-gluon vertex are given by a single renormalized gauge
coupling gk and similarly for the ghost gluon vertex.
Even in this approximation the flow equations are lengthy and difficult to solve.
A simplification occurs if we take for the gauge-fixing term
Sgf =
1
2α
∫
d4x(∂µAzµ)
2 (4.4)
the gauge parameter α→ 0. In this limit HA diverges ∼
1
α
and b(q) approaches one.
We may define a k-dependent renormalized gauge fixing parameter αR by
3
HA(0) =
(
1
αR
− 1
)
Z˜F (4.5)
with limk→∞ Z˜F = 1 and limk→∞ αR = α. The evolution equation for αR follows
from (4.2)
∂
∂t
αR =
∂ ln Z˜F
∂t
(αR − α
2
R)− α
2
RZ˜
−1
F
∂
∂t
HA(0) (4.6)
where we note that ∂
∂t
HA(q) has a well defined limit for q
2 → 0. We conclude that
αR = 0 is a fixpoint which is infrared stable for ∂ ln Z˜F/∂t > 0. The approximation
αR → 0 remains therefore stable in the course of the evolution. We further observe
3We choose R˜kq
2 =
(
1
αR
− 1
)
Rk such that b(q) = 1 + 0(αR) for all values of q
2.
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that for αR → 0 the function F2 defined in eq. (3.8) equals F1/(p1−p3)
2 and only the
function GA(q) determines the effective four-quark interaction. The flow equation
for GA can be written in a more compact form using
PA(q) = Z˜
−1
F (GA(q) +Rk(q)) (4.7)
We also approximate the ghost part of Γ˜
(2)
k by
Pgh(q) = PA(q), ∂˜tPgh(q) = ∂˜tPA(q) (4.8)
This yields for αR → 0
∂
∂t
GA(q) = Ncg
2
kZ˜F
∫
d4q′
(2π)4
∂˜t
{
9
4
P−1A (q
′)
−
1
6
P−1A (q
′)P−1A (q + q
′)
[
13q2 − 14(qq′) + 10q′
2
−10
(qq′)2
q2
− 22
(qq′)2
q′2
− 4
(qq′)3
q2q′2
+
q2
q′2
q2q′2 − (qq′)2
(q + q′)2
]}
(4.9)
The evolution equation (4.9) is the central equation of this section. It is a partial
nonlinear differential equation for GA(q
2; k) which can be solved numerically. We
observe that the r.h.s. of the flow equation (4.9) involves not only GA(q) but also
the renormalized gauge coupling gk and the gluon wave function renormalization
constant Z˜F . The precise definition of these k-dependent constants is a somewhat
subtle issue. We could define g˜ and Z˜F (and in consequence gk) in terms of the
effective three-gluon vertex ∼ g˜Z˜FA2∂A and four-gluon vertex ∼ g˜2Z˜FA4 which
enter the approximation for Γ
(2)
k used in (2.38). In this way g˜ and Z˜F are expressed
in terms of third and fourth functional derivatives of Γk[ψ = 0, A, A¯ = 0] evalu-
ated at A = 0 and projected on the appropriate index structures. One also has to
choose appropriate momenta for the external legs for the effective vertices, as for
example the limit where all momenta approach zero. Evolution equations for the
scale dependence of Z˜F , g˜ and gk could then be computed from appropriate func-
tional derivatives of the flow equation (2.28). We will use here a simplification and
approximate Z˜F by the coefficient of the q
2 term in GA. More precisely, we expand
for small q2
GA(q) = m¯
2
A +G
(1)
A q
2 +G
(2)
A (q
2)2 + ... (4.10)
and identify Z˜F with G
(1)
A . There is an obvious limitation to this approximation since
G
(1)
A may turn negative for small k and any reasonable choice of a wave function
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renormalization requires positive Z˜F . For the flow equation for the renormalized
gauge coupling gk we rely on the fact that the first two coefficients of the β function
∂g2k
∂t
= βg2 = −c1
g4k
16π2
− c2
g6k
(16π2)2
− ... (4.11)
are universal
c1 =
22Nc
3
c2 =
204
9
N2c (4.12)
In the region of large gk we may also use nonperturbative estimates of βg2 derived
by different methods [6]. An ansatz for βg2 combined with an estimate of η˜F fixes
also the evolution of g˜2 and provides all information needed for a numerical solution
of the flow equation.
We concentrate first on an analytic discussion of a few prominent features of the
solution of equation (4.9). The evolution equations for the mass term m¯2A and for
G
(1)
A are easily derived by expanding the r.h.s. of eq. (4.9) in powers of q. One
obtains
∂
∂t
m¯2A = Ncg
2
kZ˜F
∫
d4q′
(2π)4
∂˜t
{
9
4
P−1A (q
′)−
5
4
q′
2
P−2A (q
′)
}
(4.13)
and the renormalized dimensionless mass term
m˜2A = m¯
2
AZ˜
−1
F k
−2 (4.14)
therefore obeys
∂
∂t
m˜2A = (−2 + η˜F )m˜
2
A −
Nc
8π2
g2k
(
9
4
l4A,1 −
5
4
l6A,2
)
(4.15)
Here we have defined the integrals, with x = q′2,
ldA,n = −
1
2
k2n−d
∫ ∞
0
dxx
d
2
−1∂˜tP
−n
A (x) (4.16)
The evolution of the ration m˜2A/g
2
k
∂
∂t
(
m˜2A
g2k
)
= −
Nc
8π2
(
9
4
l4A,1 −
5
4
l6A,2
)
−
(
2 +
βg2
g2k
− η˜F
)
m˜2A
g2k
(4.17)
is characterized for small g2k by an approximate infrared unstable fixpoint
m˜2A
g2k
= −
3Nc
128π2
(4.18)
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Indeed, we can use for small g2k the lowest order expressions
GA(q) = Z˜F q
2
∂˜tPA(q) =
∂
∂t
P (q) (4.19)
with
P (q) = q2 + Z˜−1F Rk(q) =
q2
1− exp
(
− q
2
k2
) (4.20)
such that l4A,1 = l
4
1 = 1, l
6
A,2 = l
6
2 =
3
2
. We also neglect β2g/g
2 − η˜F as compared
to two. For small g2k the general identities for the dependence of Γk[ψ,A, A¯] on
the background field A¯ [6], or, similarly, the generalized Slavnov-Taylor identities
[8],[9] imply that the k-dependent mass term is indeed described by this fixpoint
(cf. Appendix). We conclude that for small gk the mass term induces only a small
correction in the momentum-independent part of PA
PA ≈ P + Z˜
−1
F m¯
2
A +O(q
4)
= P −
3Nc
128π2
g2kk
2 +O(q4)
= k2
(
1−
3Nc
128π2
g2k
)
+O(q2) (4.21)
The behaviour of m¯2A near the confinement scale where g
2
k becomes large is more
complicated and best described by evaluating directly the relevant identities [6]. It
is conceivable that a negative r.h.s. of (4.13) drives m¯2A to a positive value for k → 0,
but we find this scenario not very likely.
The flow equation for G
(1)
A can be written in the form
∂
∂t
G
(1)
A =
Nc
96π2
g2kZ˜F (31l
4
A,2 − 5m
6
A,4)
=
13
3
NccA
g˜2
16π2
(4.22)
where we have defined the integrals
mdA,n = −
1
2
k2n−d−2
∫ ∞
0
dxx
d
2 ∂˜t
(
P˙ 2A(x)P
−n
A (x)
)
(4.23)
with P˙A =
d
dx
PA. We note that the r.h.s. of eq. (4.22) is positive for positive cA
cA =
1
26
(31l4A,2 − 5m
6
A,4)
= −
31
52
∫ ∞
0
dxx∂˜t
{
P−2A
(
1−
5
31
x2P˙ 2AP
−2
A
)}
(4.24)
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Let us first consider small values of the gauge coupling where we can approximate
∂˜tPA =
∂
∂t
P . In this limit we obtain cA = 1
4. For the definition
Z˜F = G
(1)
A (4.25)
and therefore finds
η˜F = −
∂
∂t
ln Z˜F = −
13
3
NccA
g2k
16π2
(4.26)
For a solution of (4.26) it is convenient to compare η˜F with
ηF =
∂
∂t
ln g2k =
βg2
g2k
= −
22
3
NcbA
g2k
16π2
(4.27)
where bA may depend on gk or k and reflects the deviation ¿from the one-loop β-
function for which bA = 1. As long as the k-dependence of the ratio bA/cA can be
neglected, one obtains
Z˜F (k)
Z˜F (k0)
=
(
g2(k0)
g2(k)
)γ
, γ =
13cA
22bA
. (4.28)
In the one-loop approximation 1
g2(k)
decreases logarithmically and reaches zero at
the confinement scale Λconf . We conclude that this is exactly the scale where Z˜F
would vanish. In this language the divergence of the renormalized gauge coupling is
actually entirely due to the vanishing of Z˜F : From (4.28) one obtains
g˜2(k)
g˜2(k0)
=
(
g2(k)
g2(k0)
)1−γ
Z˜F (k)g˜
2(k)
Z˜F (k0)g˜2(k0)
=
(
g2(k)
g2(k0)
)1−2γ
Z˜F (k)g˜(k)
Z˜F (k0)g˜(k0)
=
(
g(k)
g(k0)
)1−3γ
(4.29)
and for γ > 1
2
(cf. (4.28)) both the unrenormalized three-point vertex ∼ Z˜F g˜ and
four-point vertex ∼ Z˜F g˜2 vanish at the confinement scale.
As mentioned before we should not use (4.25) for k in the vicinity of the con-
finement scale. We therefore propose [11] to keep Z˜F independent of k for k < knp
where knp is defined by
g2knp =
4π2
Nc
. (4.30)
4We have also computed ∂
∂t
HA(0) = −
Nc
48pi2 g˜
2
(
8l4A,2 + 5m
6
A,4
)
and find for small g2 that
∂
∂t
(
HA(0) +G
(1)
A
)
vanishes as required by the Slavnov-Taylor identity for perturbative trans-
versality.
21
The definition
Z˜F =

 G
(1)
A (k) for g
2
k <
4π2
Nc
Z˜F (knp) for g
2
k ≥
4π2
Nc
(4.31)
allows to separate the issue of vanishing G
(1)
A from the choice of the infrared cutoff
(i.e.Z˜F ).
The vanishing of the term G
(1)
A q
2 would have important consequences for the
behaviour of the propagator ∼ G−1A . We should therefore investigate if this feature
is likely to survive beyond the approximation of small gauge coupling. Turning back
to eq. (4.22) we observe that G
(1)
A can only remain positive for k → 0 if g˜
2 turns to
zero or if cA vanishes or becomes negative. In view of eq. (4.29) the first alternative
seems not very likely. (This probably generalizes if we go beyond the approximation
leading to (4.1) and consider general momentum-dependent three- and four-point
functions. Then in eq. (4.22) g˜2 has to be replaced by an appropriate momentum-
weighted average of these vertices.) In order to investigate the sign of cA we write
the integral (4.24) explicitly as
cA =
31
26
∫ ∞
0
dxxP−3A S

1− 1031x2
(
P˙A
PA
)2
+
5
31
x2
P˙AS˙
PAS

 (4.32)
with
S(x) = ∂˜tPA(x) =
∂
∂t
P (x)− η˜F (P (x)− x)
=
(
2
P (x)
k2
− η˜F
)
(P (x)− x) (4.33)
The integral is dominated by the region x ≈ k2 and can turn negative only if the
bracket is negative in this region. As an illustration we take PA = P + m
2
A +
κx2, m2A = Z˜
−1
F m¯
2
A. This implies
xP˙A
PA
=
P˙ x+ 2κx2
P +m2A + κx
2
(4.34)
to be compared with
xP˙
P
= 1−
x
k2
exp
(
−
x
k2
)(
1− exp
(
−
x
k2
))−1
= 1−
P − x
k2
(4.35)
and
xS˙
S
=
xP˙
P
(
1−
η˜F
2
k2
P
)−1
+ 1−
P
k2
(4.36)
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We conclude that negative m2A (cf. (4.18)) and positive κ tend to lower cA. A
vanishing cA for large κ cannot be excluded without a more detailed investigation.
On the other side, if the integral relation
∫ Λ
Λconf
dk
k
g˜2(k)cA(k) =
48π2
13Nc
(4.37)
could be fulfilled for Λconf > 0, the coefficient G
(1)
A would vanish at the confine-
ment scale Λconf and presumably becomes negative for k < Λconf . We emphasize
that a negative value of m¯2A or of G
(1)
A for small k would independently indicate
that the groundstate does not correspond to the perturbative ground state Aµ = 0
[12],[13],[11].
Even before reaching the confinement scale, the gluon propagator has to be
modified: Whenever the term G
(1)
A q
2 becomes comparable to G
(2)
A (q
2)2 for q2 ≈ k2,
i.e. for G
(1)
A ≈ G
(2)
A k
2, the gluon propagator cannot be approximated any more by
the inverse of q2! As an example for a plausible form one may consider
GA(q) ≈ m¯
2
A +G
(1)
A q
2 + Z˜Fκ
(q2)2
1 + δq2
(4.38)
where
δ =
Z˜Fκ
1−G(1)A
(4.39)
is determined by the requirement that for large q2 one expects GA(q) = q
2 indepen-
dent of k. (This holds up to neglected logarithmic corrections.) Assuming that for
k
<
∼ knp the term m¯2A+G
(1)
A q
2 is small as compared to the (q2)2 term the approximate
form of the propagator
G−1A (q) ≈
1
Z˜Fκ
1
(q2)2
+
1
q2
(4.40)
would be close to the one corresponding to a confining potential.
It is obviously difficult to find an analytical answer to all these questions and
it seems preferable to solve the flow equation (4.9) numerically. A numerical inves-
tigation has been performed by B. Bergerhoff and the author [14]. We show here
only a few first results. In fig. 1 we plot the scale dependence of the wave function
renormalization Z˜F as defined by
Z˜F =
∂
∂q2
GA(q)|q2=k2+2Λ2
QCD
(4.41)
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with ΛQCD the two-loop confinement scale. This definition implements the idea that
Z˜F should be taken constant for very small k (cf. eq. (4.31)) in a smooth way. One
observes the decrease of Z˜F as k is lowered corresponding to eq. (4.28). We have
started the running in the perturbative region at k = 40 GeV with GA(q)|k=40 GeV
given by the one-loop perturbative expression (containing the infrared cutoff). The
latter was normalized by ∂GA/∂q
2|q2=0 = 1, which explains the starting value of Z˜F
(40 GeV) somewhat larger than one for the definition (4.41). In order to concentrate
on the deviation of GA(q) from the linear dependence on q
2 we introduce the quantity
χ(q) =
∂
∂ ln q2
ln
(
GA(q)−GA(0)
Z˜F q2
)
(4.42)
Here the mass term GA(0) is subtracted from the inverse propagator and the lead-
ing perturbative q2-dependence is divided out. In the classical approximation the
expression in the bracket equals one, and a nonvanishing value of χ(q) is entirely
due to quantum fluctuations. Since a computation of χ(q) involves a numerical
derivative of a small difference, one needs a numerical solution of the flow equation
for GA(q) with a relatively high precision. We observe that χ(q) plays the role of
a momentum-dependent anomalous dimension. Within renormalization-group im-
proved perturbation theory one expects for k = 0 (compare eq. (4.26))
χ(q) =
13
6
Nc
g2(q)
16π2
(4.43)
where g2(µ) is the running gauge coupling at the scale µ. In figs. 2 and 3 we compare
the numerical determination of χ(q) with the renormalization-group improved one-
loop perturbative result (4.44), with g the two-loop running gauge coupling. Up to
a scaling factor of about 10 % the two curves asymptotically coincide for large q2 as
k goes to zero. This is not a trivial result since no assumption of this type enters
the flow equation (4.9). We note that a propagator ∼ q−4 for small q2 corresponds
to limk→0 limq2→0 χ(q) = 1. If a q
−4 behaviour extends effectively over a certain
momentum range χ(q) should develop a plateau at one in this range. As k is lowered
we see in fig. 3 a sizeable increase of χ(q) for small q2. We also observe a tendency
of an extension and flattening of the maximum somewhat below one. This tendency
should stabilize as k goes to zero. We have stopped the running at k = 400 MeV
since for small k2 and q2 the approximations leading to (4.9) become doubtful. At
least part of the momentum dependence of the gluon vertices according to (A.55)
should presumably be included.
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5 Flow equations for light quarks
The formalism for integrating out the gluon degrees of freedom needs not to be
restricted to the heavy quark approximation. We want to derive in this section the
general flow equation for the quark two-point and four-point function corresponding
to (2.33). For simplicity we mainly consider NF massless quarks – the inclusion of
mass terms is straightforward – and we work in the gauge with α = 0. At some
appropriate short distance scale we start with the “classical action” (cf. (3.7))
Γk[ψ] = Zψ
∫
d4q
(2π)4
ψ¯(q)γµqµψ(q) −
1
2
Z2ψg
2
k · (5.1)
∫
d4p1
(2π)4
...
d4p4
(2π)4
(2π)4δ(p1 + p2 − p3 − p4)P
−1(p1 − p3)
{
M+
1
(p1 − p3)2
N
}
The flow equation then permits to study how Γk changes its form as k is lowered. In
particular one is interested in pole-like structures in the quark four-point function
which would indicate the formation of meson bound states [15],[3].
In order to establish the flow equation we have to collect various pieces which
have been discussed in the previous sections. We begin with the contribution from
the gluon and ghost fluctuations γA− ǫ+γc which only contribute to the four-quark
interaction Γk,4[ψ]. The direct contributions from gluon and ghost loops read
γA − ǫ =
1
2
∫
d4q
(2π)4
(
A
(0)
k (q)
)z
µ
(
A
(0)
k (−q)
)ν
z
{
∂
∂t
GˆA(q)δ
µ
ν +
∂
∂t
HˆA(q)q
µqν
}
(5.2)
The functions ∂
∂t
GˆA(q) and
∂
∂t
HˆA(q) have been computed in the last section (cf. (4.1),
(4.2), or (4.9)), where we have indicated by a hat that only gluon and ghost contrib-
utons should be included here, in analogy to the heavy quark approximation. The
classical solution A
(0)
k is given by eqs. (3.4) and (3.6), where GA and HA characterize
now the gluon propagator without reference to the heavy quark approximation. We
consider again the limit α→ 0 where Sνµ(q) = (GA+Rk)
−1(δνµ− q
νqµ/q
2). Including
also the contribution γc which is similar in structure we obtain
γA − ǫ+ γc = −
1
2
∫ d4p1
(2π)4
...
d4p4
(2π)4
(2π)4δ(p1 + p2 − p3 − p4) ·
f1(p1, p2, p3, p4)(M+
1
(p1 − p3)2
N ) (5.3)
with
f1(p1, p2, p3, p4) = −Gψ(−p1, p1 − p3)Gψ(p4, p2 − p4) ·
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(GA(p1 − p3) +Rk(p1 − p3))
−2
(
∂
∂t
GˆA(p1 − p3) +
∂
∂t
Rk(p1 − p3)
)
(5.4)
(In the heavy quark approximation there is no difference between GˆA and GA. Also
Gψ is independent of k such that f1 =
∂
∂t
F1 (3.8).) The function f1 involves the quark
gluon vertex Gψ and the gluon propagator GA which also enters in the determination
of ∂
∂t
GˆA.
Up to this point the only approximations involve the three- and four-gluon ver-
tices entering ∂
∂t
GˆA and the ghost sector. They have been discussed in sect. 4. We
may in addition also truncate the quark gluon vertex and use for light quarks the
ansatz
Gψ(p, q) = Z˜
1/2
F Zψgk (5.5)
The running of the renormalized gauge coupling gk is now determined by the β-
function including quark contributions and Z˜F may be identified with G
(1)
A for k >
knp (cf. sect. 4). the lowest order truncation for GA(q) would be
GA(q) = Z˜F q
2 (5.6)
such that PA(q) is replaced by P (q) in the equation (4.9) for
∂
∂t
GˆA. The detailed
discussion of the last section shows, however, that this approximation becomes in-
valid for k in the vicinity of the confinement scale. There one should rather use
a truncation of the form (4.38) or similar. The corresponding flow equations for
m¯2A, G
(1)
A and κ include now additional contributions from quark fluctuations and
have to be computed from the evolution equation for ∂
∂t
GA(q) in the formulation
where both quark and gluon degrees of freedom are present. Fortunately, the for-
mation of meson-bound states occurs typically at a scale substantially higher than
the confinement scale. This gives the hope that important features of meson physics
can already be extracted using the truncation (5.6) on the r.h.s. of the flow equation
and do not need a very detailed understanding of gluon condensation phenomena.
With the truncation (5.5), (5.6) the function f1 (5.4) only depends on the Man-
delstam variable t = (p1 − p3)2
f1 = −Z
2
ψg
2
kP
−2(p1 − p3){
∂
∂t
P (p1 − p3)− η˜F
(
P (p1 − p3)− (p1 − p3)
2
)
+Ncg
2
kG(p1 − p3)
}
(5.7)
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where
∂
∂t
GˆA(q) = Ncg
2
kZ˜FG(q) (5.8)
is given by the r.h.s. of (4.9) with PA(q) = P (q) and ∂˜tPA(q) =
∂
∂t
P (q)− η˜F (P (q)−
q2). The first two contributions are proportional ∂˜tP
−1 and simply reflect the change
of the infrared cutoff contained in P−1 in the “classical action ” (5.1). Only the last
term ∼ G describes how additional quantum fluctuations are included as k is lowered
- in this case the gluon and ghost contributions to the gluon propagator. If we omit
the contribution ∼ η˜F in ∂˜tPA(q) the funtion G(q) reads explicitly
G(q) =
∫ d4q′
(2π)4
∂
∂t
{
9
4
P−1(q′)−
1
6
P−1(q′)P−1(q + q′) ·
[
13q2 − 14(qq′) + 10q′
2
− 10
(qq′)2
q2
− 22
(qq′)2
q′2
−4
(qq′)3
q2q′2
+
q2
q′2
q2q′2 − (qq′)2
(q + q′)2
]}
(5.9)
We observe that even for our simple truncations the function G(q) has a compli-
cated momentum dependence. A solution of the flow equation for the four-quark
interaction will go far beyond the effects of a running gauge coupling in the one-loop
approximation.
The term γAψ contributes to the flow equation for the two-point and the four-
point function. The contribution to the two-point function can be extracted from
(2.33) using the classical solution (3.4). With α = 0 and Gψ(p, q) = ZψZ˜
1/2
F gk the
lowest order classical solution reads
(A
(0)
k (q))
µ
z = −(GA(q) +Rk(q))
−1ZψZ˜
1/2
F gk∫
d4p
(2π)4
ψ¯ia(p)
(
γµ −
qµ/q
q2
)
(Tz)
j
i ψ
a
j (p+ q) (5.10)
and the next to leading contribution A
(1)
k obtains as
(
A
(1)
k (q)
)µ
z
= −ig3kZ˜
−1/2
F Z
2
ψf
yw
z P
−1
A (q)∫
d4p1
(2π)4
...
d4p4
(2π)4
(2π)4δ(q − p1 − p2 + p3 + p4)P
−1
A (p1 − p3)P
−1
A (p2 − p4) ·[
1
2
(pµ1 − p
µ
3 − p
µ
2 + p
µ
4)
(
{ψ¯(−p1)γνTyψ(−p3)}{ψ¯(p4)γ
νTwψ(p2)}
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−
(p1 − p3)ν(p2 − p4)ν
(p1 − p3)2(p2 − p4)2
· {ψ¯(−p1)(/p1 − /p3)Tyψ(−p3)}{ψ¯(p4)(/p2 − /p4)Twψ(p2)}
)
−
qµ
(p2 − p4)2
{ψ¯(−p1)(/p2 − /p4)Tyψ(−p3)}{ψ¯(p4)(/p2 − /p4)Twψ(p2)}
+2{ψ¯(−p1)
(
/p2 − /p4 −
(p2 − p4)ν(p1 − p3)ν
(p1 − p3)2
(/p1 − /p3)
)
Tyψ(−p3)}
{ψ¯(p4)γ
µTwψ(p2)}
]
(5.11)
With the ansatz of a flavour diagonal kinetic term and mass term
Γ
(2)
k [0] = Zψ(ca(q)/q +ma(q)γ
5)δab δ
i
j(2π)
4δ(q − q′) (5.12)
one finds the following contribution to the flow equation for the two-point function
γ
(2)
Aψ =
N2c − 1
2Nc
Zψg
2
k
∫
d4q
(2π)4
d4p
(2π)4
(q + p)2
(
∂
∂t
rk(q + p)− η˜F rk(q + p)
)
P−2A (q + p)
∑
a
{
ψ¯a(p)[(ca(q) + r
(ψ)
k (q))
2q2 +m2a(q)]
−1
[(ca(q) + r
(ψ)
k (q))(/q + 2
q2 + (qp)
(q + p)2
(/q + /p))− 3ma(q)γ
5]ψa(p)
}
(5.13)
The contribution to the four-point function γ
(4)
Aψ can be obtained similarly using
(5.11).
For a computation of the purely fermionic contribution γψ we will use the fol-
lowing truncation for the term quartic in the fermionic fields
Γ
(ψ)
k,4 = −Z
2
ψ
∫
d4p1
(2π)4
...
d4p4
(2π)4
(2π)4δ(p1 + p2 − p3 − p4)
{λσ(p1, p2, p3, p4)Mσ + λρ(p1, p2, p3, p4)Mρ
+λp(p1, p2, p3, p4)Mp + λn(p1, p2, p3, p4)N} (5.14)
This yields a contribution to the flow equation for the two-point function
γ
(2)
ψ = Zψ
∫
d4p
(2π)4
∑
a
{
ψ¯a(p)
∫
d4q
(2π)4
(
∂
∂t
r
(ψ)
k (q)− ηψr
(ψ)
k (q)
)
[(
ca(q) + r
(ψ)
k (q)
)2
q2 +m2a(q)
]−2 {[(
ca(q) + r
(ψ)
k (q)
)2
q2 −m2a(q)
]
[
2Ncλρ(−q, q,−p, p)/q −
2
Nc
λp(−q, q,−p, p)/q
−
N2c − 1
Nc
λn(−q, q,−p, p)
((
p2 − q2
)
/q + 2
(
q2 − (pq)
)
/p
)]
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+ma(q)
(
ca(q) + r
(ψ)
k (q)
)
q2γ5
[
8Ncλσ(−q, q,−p, p)
−
8
Nc
λp(−q, q,−p, p)−
2(N2c − 1)
Nc
(q − p)2λn(−q, q,−p, p)
]}
ψa(p)
}
+Zψ
∫
d4p
(2π)4
d4q
(2π)4
{
ψ¯b(p)/qψ
b(p)
}( ∂
∂t
r
(ψ)
k (q)− ηψr
(ψ)
k (q)
)
∑
a
(ca(q) + r
(ψ)
k (q))
2q2 −m2a(q)
[(ca(q) + r
(ψ)
k (q))
2 +m2a(q)]
2
[2λσ(−q, p,−q, p)
+2λρ(−q, p,−q, p)− 4λp(−q, p,−q, p)] . (5.15)
For γ
(4)
(ψ) we present here only the case λρ = λp = λn = 0 in the chiral limit (ma = 0).
Omitting all contributions except γ
(4)
ψ one finds
∂
∂t
λσ(p1, p2, p3, p4) = 2ηψλσ(p1, p2, p3, p4)
+8Nc
∫
d4q
(2π)4
qµ(q − p1 − p2)
µ
q2(q − p1 − p2)2
[c(q) + r
(ψ)
k (q)]
−1
∂˜t[c(q − p1 − p2) + r
(ψ)
k (q − p1 − p2)]
−1
λσ(p1, p2, q,−q + p1 + p2)λσ(q,−q + p1 + p2, p3, p4) (5.16)
For the special case (c(q) + r
(ψ)
k (q))
−1 = exp
(
− q
2
Λ2
)
− exp
(
− q
2
k2
)
, ηψ = 0 this re-
produces the flow equation of ref. [3]. The r.h.s. of this equation should now be
supplemented by the contributions from γA−ǫ+γc+γAψ which have been discussed
before. Furthermore, a better approximation should include the contributions from
λρ etc.
Besides this, eq. (5.16) involves the explicit momentum dependence of the
fermion kinetic term, i.e. the function c(q). The scale dependence of the quark
propagator can be computed from γ
(2)
ψ and γ
(2)
Aψ. Combining eq. (5.15) with (5.13)
and (5.12) yields the flow equation for the kinetic term
∂
∂t
(Zψca(p)) = Zψ
∫ d4q
(2π)4
{
N2c − 1
2Nc
g2k
(
∂
∂t
rk(p− q)− η˜F rk(p− q)
)
P−2A (p− q)
[(
ca(q) + r
(ψ)
k (q)
)2
q2 +m2a(q)
]−1
(
ca(q) + r
(ψ)
k (q)
)(
2q2 − 3(pq)− 3
(pq)q2
p2
+ 4
(pq)2
p2
)
−
(
∂
∂t
r
(ψ)
k (q)− ηψr
(ψ)
k (q)
)[(
ca(q) + r
(ψ)
k (q)
)2
q2 +m2a(q)
]−2
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[(
ca(q) + r
(ψ)
k (q)
)2
q2 −m2a(q)
] [(
2Ncλρ(−q, q,−p, p)−
2
Nc
λp(−q, q,−p, p)
)
(pq)
p2
−
N2c − 1
Nc
λn(−q, q,−p, p)
(
2q2 − (pq)−
(pq)q2
p2
)]
+
(pq)
p2
(
∂
∂t
r
(ψ)
k (q)− ηψr
(ψ)
k (q)
)
NF∑
b=1
(cb(q) + r
(ψ)
k (q))
2q2 −m2b(q)
[(cb(q) + r
(ψ)
k (q))
2 +m2b(q)]
2
·
[2λσ(−q, p,−q, p) + 2λρ(−q, p,−q, p)− 4λp(−q, p,−q, p)]
}
(5.17)
The right-hand side of this equation involves the gauge coupling gk and the effec-
tive inverse gauge field propagator PA as well as the effective fermionic four-point
vertices λσ, λρ, λp and λn. It is instructive to study this equation in the “classical
approximation” for the four-quark vertices λσ, i.e.
λσ(p1, p2, p3, p4) = λρ(p1, p2, p3, p4) = λp(p1, p2, p3, p4)
=
1
4
g2k
(
P−1A (p1 − p3) + P
−1
A (p2 − p4)
)
(5.18)
λn(p1, p2, p3, p4) =
1
4
g2k
(
1
(p1 − p3)2PA(p1 − p3)
+
1
(p2 − p4)2PA(p2 − p4)
)
Using
∂˜tP
−1
A (q) = −q
2P−2A (q)
(
∂
∂t
rk(q)− η˜F rk(q)
)
∂˜t
ca(q) + r
(ψ)
k (q)
(ca(q) + r
(ψ)
k (q))
2q2 +m2a(q)
= −
(ca(q) + r
(ψ)
k (q))
2q2 −m2a(q)
((ca(q) + r
(ψ)
k (q))
2q2 +m2a(q))
2
·
(
∂
∂t
r
(ψ)
k (q)− ηψr
(ψ)
k (q)
)
(5.19)
one obtains
∂
∂t
(Zψca(p)) = Zψ
N2c − 1
2Nc
g2k
∫
d4q
(2π)4
(
2(pq)
p2
−
2q2p2 − (pq)(p2 + q2)
p2(p− q)2
)
·
∂˜t

P−1A (p− q) ca(q) + r
(ψ)
k (q)
(ca(q) + r
(ψ)
k (q))
2q2 +m2a(q)

 (5.20)
We observe that this expression corresponds to the formal ∂˜t derivative of the stan-
dard one-loop correction to the fermion kinetic term in presence of an infrared cutoff
in the propagator.
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The fermionic wave function renormalization Zψ can be defined by ca(p0) = 1
for suitable p0 and a. We will choose here p0 = 0 and use ca corresponding to a light
quark. Defining the anomalous dimension
ηψ = −
∂
∂t
lnZψ (5.21)
one obtains for ma = 0
ηψ =
3
4
N2c − 1
Nc
g2k
∫
d4q
(2π)4
1
q2
∂˜t
{
(c(q) + r
(ψ)
k (q))
−1P−1A (q)(1− q
2P˙A(q)P
−1
A (q))
}
(5.22)
where P˙A = ∂PA/∂q
2. In the perturbative limit c(q) = 1, PA(q) = P (q), ∂˜tPA(q) =
∂
∂t
P (q) this yields a vanishing fermionic dimension
ηψ = 0 (5.23)
We also may extract the anomalous mass dimension by expanding eqs. (5.13)
and (5.17) in linear order in ma
∂
∂t
ma(0) = ωmma(0) (5.24)
One obtains
ωm =
∫
d4q
(2π)4
m(q)
m(0)
{
3
2
N2c − 1
Nc
g2k
1
(c(q) + r
(ψ)
k (q))
2q2
∂˜tP
−1
A (5.25)
+∂˜t
1
(c(q) + r
(ψ)
k (q))
2q2
[4Ncλσ(−q, q, 0, 0)−
4
Nc
λp(−q, q, 0, 0)
−
N2c − 1
Nc
q2λn(−q, q, 0, 0)]
}
which reduces in the “classical approximation” λσ(−q, q, 0, 0) = λp(−q, q, 0, 0) =
q2kλn(−q, q, 0, 0) =
1
2
g2P−1A (q) and for ma(q) = ma(0) to
ωm =
3
2
N2c − 1
Nc
g2k
∫
d4q
(2π)4
∂˜t
1
(c(q) + r
(ψ)
k (q))
2q2PA(q)
(5.26)
In lowest order perturbation theory where ∂˜t[(c(q) + r
(ψ)
k (q))
2q2PA(q)]
−1 = ∂
∂t
[(1 +
r
(ψ)
k (q))
2q2P (q)]−1 one recovers the standard perturbative result
ωm = −
3
16π2
N2c − 1
Nc
g2k (5.27)
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provided limq2→0 q
2/(1 + r
(ψ)
k (q))
2 = 0.
To summarize this section, we have explicitly derived a nonperturbative flow
equation for the scale dependence of the quark propagator (5.17). We have also
given a simplified non-perturbative approximation (5.20) to this evolution equa-
tion and checked explicitly the consistency with perturbation theory in the region
where the gauge coupling gk is small. In the approximation (5.20) the flow equa-
tion ressembles a differential form of the Schwinger-Dyson equation for the full
momentum-dependent quark propagator. In contrast to the usual Schwinger-Dyson
equation we notice that only a small range in momenta q2 ≈ k2 contributes to the
momentum integral on the r.h.s. of eq. (5.20). This is therefore much easier to
control. The actual complicated scale and momentum dependence of Zψc(q), which
reflects that the physical picture varies from high to low scales, arises then as a prop-
erty of the solution of the differential equation (5.20) rather than through the form
of the equation itself. This solution will provide the anomalous dimension ηψ and
the function c(q) needed for the flow equation of the quark four-point function. We
have explicitly computed the contributions γA− ǫ+ γc to the non-perturbative flow
equation for the quark four-point function (5.3), (5.7), (5.9). It is straightforward to
extract the contributions from γAψ and γψ from (5.11) and (5.16). (The latter may
be generalized to include λρ etc..) The result gives the non-perturbative evolution
equation for the momentum-dependent four-quark coupling.
6 Conclusions and discussion
In this paper we have developed a formalism for integrating out the gluon fields in
order to obtain an effective action for the quarks. This is not done at once since such
an approach would lead to complicated nonlocalities and a reliable direct computa-
tion seems almost impossible. Instead, we account for the gluon contributions to an
exact nonperturbative flow equation. At every scale k this needs only information
about the “classical solution” for the gauge field in presence of fermions and about
quadratic gauge field fluctuations around this solution with momenta q2 ≈ k2. The
flow equation describes the scale dependence of an effective average action Γk[ψ]
which only involves the quark fields. In the present work we have concentrated
on analytical work whereas the numerical exploitation of our formulae is left to a
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separate investigaton [14].
Our first main result is the evolution equation (6.9) for the gluon propagator in
the heavy quark limit. As described in sect. 3, its quantitative solution is connected
with the heavy quark potential. The second result concerns the effective action
for light quarks. The evolution equation for the two- and four-point functions can
be extracted from sect. 5. The solution for the four-point function is expected
to develop pole-like structures connected to mesons. This can be treated with the
composite-field methods developed in ref. [3], such that one can finally make a
transition to an effective theory for mesons describing the low momentum behaviour
of QCD. The main difference of the present formalism as compared to ref. [3]
concerns the treatment of the gluons: While ref. [3] accounts for the effects of
gluons only by a phenomenologically motivated four-quark interaction, no such term
is introduced here by hand. At short distances we simply start with the QCD action
for quarks and gluons. The effective four-quark interaction should arise as a property
of the solution of the flow equation. For this purpose it is crucial that the gluon
contributions to the evolution equation are properly taken into account.
In order to obtain the k-dependent classical solution for the gluon Aµ as a func-
tional of the quark fields ψ we need knowledge about the effective action Γk[ψ,A]
for both quarks and gluons. The same holds true for the quadratic fluctuations of
the gluon field around this solution. More concretely, the exact evolution equations
for the fermionic two- and four-point functions involve the gluon propagator for
ψ = 0, the ψ¯ψA, (ψ¯ψ)2A, (ψ¯ψ)A2, (ψ¯ψ)2A2 and ψ¯ψA3 vertices as well as the gluonic
vertices A3 and A4 in Γk[ψ,A]. Obviously, these quantities can be computed only
approximately and truncations are needed. We propose to use the nonperturbative
evolution equation for Γk[ψ,A] in order to compute the inverse propagator (∼ A
2)
and at least one vertex (∼ A3). (Other vertices can then be related to the A3 ver-
tex). Now the reader may ask why we do not work entirely in the framework of
the evolution equation for Γk[ψ,A], extracting Γ[ψ] only at the end of the evolution
for k = 0. Indeed, we have recovered the perturbative β-functions as limiting cases
of our nonperturbative flow equations for small gauge couplings, and these pertur-
bative β-functions are certainly easier obtained in the framework of the evolution
equation for Γk[ψ,A]. Also, the heavy quark potential only involves a computation
of the gluon propagator encoded in Γk[ψ,A]. The main virtue of our approach con-
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cerns the nonperturbative aspects of the flow equations with light quarks: We want
to obtain a quantitatively reliable flow equation for the full momentum dependence
of the quark four-point function. This encodes the formation of meson-bound states
as pole-like structures in the s-channel. In turn, this requires a control of the mo-
mentum dependence on the r.h.s. of the flow equation. Using a flow equation for
Γk[ψ,A] we would need a computation of the momentum dependence of the effec-
tive vertices ψ¯ψA, (ψ¯ψ)2A2, (ψ¯ψ)A2, (ψ¯ψ)2A2, ψ¯ψA3, A3 and A4 in addition to the
momentum dependence of the gluon and quark propagator and the (ψ¯ψ)2 vertex
in Γk[ψ,A]. Using the effective average action for quarks Γk[ψ] a large part of this
momentum dependence is encoded in the two- and four-point functions in Γk[ψ].
(Note that the effective (ψ¯ψ)2 vertex in Γk[ψ] is different from the corresponding
one in Γk[ψ,A] since effects of mixed quark-gluon vertices are included through the
classical solution for A.) One may therefore hope that the momentum dependence
of the propagator and four-quark interaction in Γk[ψ] includes the dominant effects,
whereas a less precise estimate is sufficient for the vertices appearing in the contri-
butions from the gluon fluctuations around the classical solution. In the truncation
used in this paper we neglect for a computation of the classical solution and the
gluon fluctuations the vertices ψ¯ψA2, (ψ¯ψ)2A, (ψ¯ψ)2A2 and ψ¯ψA3 and we describe
the three vertices ψ¯ψA,A3 and A4 by one common scale-dependent, but momentum-
independent, coupling constant g˜(k). Clearly, establishing the flow equations for the
momentum dependence of the ψ¯ψA,A3 and A4 vertices and using the appropriate
solution on the r.h.s. of the flow equations should be one of the next steps in our
approach.
One may suspect that even the non-perturbative treatment of this paper breaks
down for scales k of the order or below the confinement scale. Fortunately the
formation of meson-bound states is expected at a scale kϕ considerably higher than
the confinement scale. For the pseudoscalar mesons a first computation indicates
kϕ ≈ 650 MeV [3]. In view of this one may hope that an understanding of the
formation of mesons does not necessitate a very detailed understanding of the physics
near the confinement scale. There are still several “hopes” and “expectations”. A
quantitative computation of the quark condensate < ψ¯ψ > and the pion decay
constant fπ along similar lines as in ref. [3], but using the flow equations proposed
in the present paper should decide whether we are on a reasonable track for an
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analytical understanding of QCD.
Note added: Results for the form of the heavy quark potential have recently been
obtained using flow equations [17] and are closely related to sect. 4 of the present
work.
Appendix
For the derivation of general identities it is convenient to work with a generalized
field χ
χ = (azµ,−c
z, c¯z,−ψ′m, ψ¯
′
m, ϕ
′
a, ϕ
∗′
a )
χ¯ = (a∗zµ , c¯
z, cz, ψ¯′m, ψ
′
m, ϕ
∗′
a , ϕ
′
a) (A.1)
It is composed of real gauge fields azµ = A
z
µ− A¯
z
µ, ghosts c
z and antighosts c¯z as well
as complex spinors ψm and complex scalars ϕa in some representations of the gauge
group. We use here a notation which can be employed both in coordinate space
a(x) = a∗(x) and in momentum space where a∗(p) = a(−p) and δχα˜(p)/δχβ˜(p′) =
(2π)dδ(p−p′)δα˜β˜. For real scalars or Majorana spinors one should omit the doubling
of arguments in χ and impose ϕ∗′(p) = ϕ′(−p) or similar for Majorana spinors. In
our notation the quadratic part of the action reads
S2 =
1
2
∫
ddp
(2π)d
ddp′
(2π)d
S
(2)
α˜β˜
(p, p′)χβ˜(p
′)χ¯α˜(p) ≡
1
2
S
(2)
αβχβχ¯α (A.2)
S
(2)
α˜β˜
(p, p′) =
δ2S
δχ¯α˜(p)δχβ˜(p
′)
(A.3)
In the last part of (A.2) we have combined internal indices α˜ and momentum labels
p to a collective index α. The infrared cutoff is introduced as a quadratic block
diagonal piece in the action
∆kS =
1
2
Rkαβχβχ¯α
Rk = diag(R
(A)
k ,R
(c)
k ,R
(c)∗
k ,R
(ψ)
k ,R
(ψ)∗
k ,R
(ϕ)
k ,R
(ϕ)∗
k ) = R
†
k (A.4)
with R(A)
∗
yz (p, p
′) = R(A)yz (−p,−p
′). We also introduce sources
J = (K, ζ, ζ¯, η, η¯, j, j∗)
J¯ = (K∗,−ζ¯ , ζ,−η¯, η, j∗, j) (A.5)
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and define
eWk[J ] =
∫
Dχe−S
S = S0 + Sgf + Sgh +∆kS + Ssource (A.6)
Here S0 is the classical gauge-invariant action, Sgf and Sgh are gauge-fixing and
ghost terms and
Ssource = −J¯αχα = −Jαχ¯α (A.7)
For the Legendre transform Γ˜k = J¯ασα −Wk the following identities hold
σα =
∂Wk
∂J¯α
, σ¯α =
∂Wk
∂Jα
(A.8)
∂Γ˜k
∂σα
= Mαβ J¯β,
∂Γ˜k
∂σ¯α
=MαβJβ, (A.9)
∂2Wk
∂J¯α∂Jβ
∂2Γ˜k
∂σ¯β∂σγ
=
∂2Wk
∂Jα∂J¯β
∂2Γ˜k
∂σβ∂σ¯γ
=Mαγ (A.10)
The appearance of the matrix M = diag(1,−1,−1,−1,−1, 1, 1) reflects the anti-
commuting properties of the Grassmann variables ξ, ξ¯, ψ and ψ¯ in a notation where
σ = (a¯,−ξ, ξ¯,−ψ, ψ¯, ϕ, ϕ∗)
σ¯ = (a¯∗, ξ¯, ξ, ψ¯, ψ, ϕ∗, ϕ) (A.11)
and a¯ = A−A¯. Taking a derivative of (A.6) with respect to t = ln k and noting that
only ∆kS depends on k, one finds [5] the flow equation for Γk = Γ˜k −
1
2
Rαβσβ σ¯α
∂tΓk =
1
2
STr
{
∂tRk
(
Γ
(2)
k +Rk
)−1}
(A.12)
with STrA = TrMA, STrAB = STrBA, and Tr =
∫ ddp
(2π)d
∑
α˜. The inverse propa-
gator Γ(2) = Γ˜(2) −Rk is given by
(
Γ
(2)
k
)
αβ
=
∂2Γk
∂σ¯α∂σβ
(A.13)
We next turn to the anomalous Ward-Takahashi or Slavnov-Taylor identities for
which we follow closely the treatment of ref. [9]. For a general gauge-fixing Gz(a)
linear in azµ (and possibly depending in addition on the background field A¯
z
µ)
Sgf =
1
2α
∫
ddxGzGz
Sgh = −
∫
ddxc¯z
∂Gz
∂ayµ
(Dµ(a + A¯))
ywcw (A.14)
36
the sum S0 + Sgf + Sgh is invariant under the BRS variation χ → χ + δBRSχǫ, χ¯ →
χ¯ + δBRSχ¯ε
δBRSχ =
(
1
g¯
(Dµ(a+ A¯)c)
z,−
1
2
f zywcycw, −
1
αg¯
Gz,
icz(Tz)mnψ
′
n,−ic
z(T ∗z )mnψ¯
′
n, ic
z(Tz)abϕ
′
b,−ic
z(T ∗z )abϕ
∗′
b
)
δBRSχ¯ =
(
1
g¯
(Dµ(a+ A¯)c)
∗z,−
1
αg¯
Gz,
1
2
f zywcycw,
−icz(T ∗z )mnψ¯
′
n,−ic
z(Tz)mnψ
′
n,−ic
z(T ∗z )abϕ
∗
b
′, icz(T ∗z )abϕ
′
b
)
(A.15)
Here f zyw are the structure constants of the gauge group and Tz the hermitean
generators in the appropriate representations. It is useful to introduce external
sources (β¯zµ(p) = β
z
µ(−p))
β = (βzµ, γ
z, γ¯z, δ(ψ)m , δ¯
(ψ)
m , δ
(ϕ)
a , δ¯
ϕ
a )
β¯ = (β¯zµ,−γ¯
z, γz,−δ¯(ψ)m , δ
(ψ)
m , δ¯
(ϕ)
a , δ
(ϕ)
a ) (A.16)
for the BRS variations of χ or χ¯ and to define Wk[J, β¯] similar to (A.6) by adding
in (A.7) an additional source term
S(β¯)source = −β¯α(δBRSχ)α = −βα(δBRSχ¯)α (A.17)
The BRS-invariance of the measure implies
0 = < δBRSS >=< Rαβχβ(δBRSχ¯)α >|γ=0 − < Jα(δBRSχ¯)α >|γ=0
= < Rαβ(δBRSχ)βχ¯γMγα >|γ=0 − < J¯α(δBRSχ)α >|γ=0 (A.18)
or
Jα
∂Wk
∂βα |γ=0
= Rαβ
(
∂
∂J¯β
+
∂Wk
∂J¯β
)
∂Wk
∂βα |γ=0
(A.19)
Using (A.8), (A.9) and the identities
∂Wk
∂βα |J
= −
∂Γ˜k
∂βα |σ¯
(A.20)
∂2Wk
∂J¯α∂βγ
= −
∂2Wk
∂J¯α∂Jβ
∂2Γ˜
∂σ¯β∂βγ
(A.21)
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one arrives at the identity
∂Γk
∂σ¯α
Mαβ
∂Γk
∂ββ |γ=0
=
∂Γk
∂σα
Mαβ
∂Γk
∂β¯β |γ=0
= STr
{
R(Γ(2)k +R)
−1 ∂
2Γk
∂σ¯∂β
}
|γ=0
= MαβRβγ(Γ
(2) +R)−1γδ
∂2Γk
∂σ¯δ∂βα |γ=0
(A.22)
In addition, we note the simple identity
∂Γk
∂γz
=
1
αg¯
Gz(a¯) (A.23)
which allows to eliminate the source γ. Similarly, linearity in c¯ yields the field
equation for the antighost
∂Γk
∂ξ¯z
= g¯G˜zyµ
∂Γk
∂β¯yµ
(A.24)
where
G˜zyµ =
∂Gz
∂ayµ
= (Dµ(A¯))
zy (A.25)
depends only on the background field A¯. For the last identity in (A.25) we have
used the particular gauge-fixing Gz = [Dµ(A¯)]
zyayµ, which will be assumed in the
following. For this gauge we now insert (A.23), (A.24) such that the Ward identity
reads in explicit components in momentum space [9]
∫
ddp
(2π)d
{
∂Γ′
∂Azµ(p)
∂Γ′
∂β¯zµ(p)
−
∂Γ′
∂ξz(p)
∂Γ′
∂γ¯z(p)
−
∂Γ′
∂ψm(p)
∂Γ′
∂δ¯
(ψ)
m (p)
−
∂Γ′
∂ψ¯m(p)
∂Γ′
∂δ
(ψ)
m (p)
+
∂Γ′
∂ϕa(p)
∂Γ′
∂δ¯
(ϕ)
a (p)
+
∂Γ′
∂ϕ∗a(p)
∂Γ′
∂δ
(ϕ)
a (p)
}
= A(g)BRS +A
(m)
BRS (A.26)
with
A(g)BRS =
∫ ddp
(2π)d
ddp′
(2π)d
ddq
(2π)d
{
R(A)µνzy (p, p
′)(Γ(2) +R)−1Ayν(−p′)σα˜(q)
∂2Γ
∂σ¯α˜(q)∂βzµ(p)
−R(c)
∗
zy (p, p
′)(Γ(2) +R)−1ξy(p′)σα˜(q)
∂2Γ
∂σ¯α˜(q)∂γ¯z(p)
}
−
1
αg¯
∫ ddp
(2π)d
ddp′
(2π)d
{
ipµR
(c)
zy (p, p
′)(Γ(2) +R)−1
ξ¯y(p′)Azµ(p)
−g¯fxzw
∫
ddq
(2π)d
A¯xµ(q − p)R
(c)
zy (p, p
′)(Γ(2) +R)−1
ξ¯y(p′)Awµ (q)
}
(A.27)
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and
A(m)BRS =
∫ ddp
(2π)d
ddp′
(2π)d
ddq
(2π)d
{
−R(ψ)mn(p, p
′)(Γ(2) +R)−1
ψ¯n(p′)σα˜(q)
∂2Γ
∂σ¯α˜(q)∂δ
(ψ)
m (p)
−R(ψ)∗mn (p, p
′)(Γ(2) +R)−1ψn(p′)σα˜(q)
∂2Γ
∂σ¯α˜(q)∂δ¯
(ψ)
m (p)
+R(ϕ)ab (p, p
′)(Γ(2) +R)−1ϕ¯b(p′)σα˜(q)
∂2Γ
∂σ¯α˜(q)∂δ
(ϕ)
a (p)
+R(ϕ)
∗
ab (p, p
′)(Γ(2) +R)−1ϕb(p′)σα˜(q)
∂2Γ
∂σ¯α˜(q)∂δ¯
(ϕ)
a (p)
}
(A.28)
Here we have subtracted the “bare” gauge-fixing term
Γ′ = Γk|γ=0 −
1
2α
∫
ddx(Dµ(A¯)(Aµ − A¯µ)
z(Dν(A¯)(Aν − A¯ν))
z (A.29)
and we use the index convention (cf. (A.13))5
Γ
(2)
ϕ¯b(p)χα˜(q)
=
∂2Γ
∂ϕ∗b(p)∂χα˜(q)
, Γ
(2)
ϕb(p)ξz(q)
= −
∂2Γ
∂ϕb(p)∂ξz(q)
Γ
(2)
ψ¯(p)ψ(q)
= Γ
(2)
ψ(q)ψ¯(p)
=
∂2Γ
∂ψ(q)∂ψ¯(p)
= −
∂2Γ
∂ψ¯(p)∂ψ(q)
Γ
(2)
ψ(p)ψ(q) = −
∂2Γ
∂ψ(p)∂ψ(q)
, Γ
(2)
ψ¯(p)ψ¯(q)
=
∂2Γ
∂ψ¯(p)∂ψ¯(q)
. (A.30)
We recover the usual identities in the limit k → 0 since R = 0 implies a vanishing
BRS-anomaly ABRS = 0.
The sources β¯ appear only linearly in S and it is straightforward to derive the
identity
∂Γ
β¯zµ
= −
∂W
∂β¯zµ
=<
∂S
∂β¯zµ
>= −
1
g¯
Dµ(A)
zyξy −
1
g¯
f zwy < awµ c
y >c (A.31)
where the connected two-point function < ac >c is related to the appropriate matrix
element of the propagator (Γ(2) +R)−1 by (A.10)
< awµ c
y >c= (Γ
(2) +R)−1
A∗wµ ξ¯
y (A.32)
This allows one to eliminate the explicit dependence on the source β¯ in favour of
expressions containing two- and three-point functions and to restrict the discussion
5Note the minus sign whenever the second index is ξ or ψ.
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to β¯ = 0 afterwards. Identities similar to (A.31) for the other sources of BRS-
variations are easily derived
∂Γ
∂γ¯z
= −
1
2
f zyw(ξyξw+ < cycw >c)
∂Γ
∂δ¯
(ϕ)
a
= −i(Tz)ab(ξ
zϕb+ < c
zϕ′b >c)
∂Γ
∂δ
(ϕ)
a
= i(T ∗z )ab(ξ
zϕ∗b+ < c
zϕ′
∗
b >) (A.33)
Finally, one has the field equation for the ghost field
0 =<
∂S
∂cz
>= −
∂Γ
∂ξz
−
1
g¯
Dµ(A)
zyβ¯yµ − f
zwyξwγ¯y
+iδ¯(ψ)m (Tz)mnψn + iδ
(ψ)
m (T
∗
z )mnψ¯n + iδ¯
(ϕ)
a (Tz)abϕb − iδ
(ϕ)
a (T
∗
z )abϕ
∗
b
+Dµ(A)
zyDµ(A¯)
yw ξ¯w − f zyv < avµDµ(A¯)
yw c¯w >c (A.34)
For an abelian gauge theory the vanishing structure constants fzyw lead to im-
portant simplifications: First one can replace (A.31)
∂Γ
∂β¯µ
= −
1
g¯
∂µξ,
∂Γ
∂γ¯
= 0 (A.35)
and evaluate everything for γ¯ = β¯µ = 0. The field equations for the ghosts reduce
to
∂Γ
∂ξ
= −iδ¯ϕ+ iδϕ∗ + ∂µ∂µξ¯
∂Γ
∂ξ¯
= −∂µ∂µξ (A.36)
where we have limited the matter content to a complex scalar with (Tz)ab = −δab.
The ghost-dependent part of Γ is therefore uniquely determined
Γgh =
∫
ddx
{
∂µξ¯∂µξ − iξδ¯ϕ+ iξδϕ
∗
}
(A.37)
It is independent of k and equals the classical expression. Eq. (A.37) also implies
that for δ¯ = δ = 0 the connected two-point functions involving ξ and ϕ′, ϕ∗′ vanish
< c ϕ′ >c|δ¯=0=< c ϕ
∗′ >c|δ=0= 0 (A.38)
and therefore
∂Γ
∂δ¯ |δ=δ¯=0
= iξϕ,
∂Γ
∂δ |δ=δ¯=0
= −iξϕ∗ (A.39)
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We can now evaluate the Ward identiy (A.26) for β¯µ = 0, δ¯ = δ = 0 where A
(g)
BRS = 0:
i
∫
ddq
(2π)d
{
1
g¯
qµ
∂Γ′
∂Aµ(q)
+
∫
ddp
(2π)d
[
∂Γ′
∂ϕ(p)
ϕ(p− q)
−
∂Γ′
∂ϕ∗(p)
ϕ∗(p+ q)
]}
ξ(q) = A(m)BRS (A.40)
A(m)BRS = i
∫
ddp
(2π)d
ddp′
(2π)d
ddq
(2π)d
{
R(ϕ)
∗
(p, p′)(Γ(2) +R)−1ϕ(p′)ϕ¯(p−q)
−R(ϕ)(p, p′)(Γ(2) +R)−1ϕ¯(p′)ϕ(p+q)
}
ξ(q) (A.41)
Since for δ¯ = δ = 0 the ghost sector decouples completely from the (ϕ, ϕ∗, A) sector
we can evaluate (Γ(2) + R)−1 for ξ = ξ¯ = 0. Furthermore the definitions (A.10),
(A.11) imply
(Γ(2) +R)−1ϕ(p′)ϕ¯(p−q) =< ϕ
∗′(p′)ϕ′(p− q) >c= (Γ
(2) +R)−1ϕ¯(p−q)ϕ(p′) (A.42)
and R(ϕ)∗(p, p′) = R(ϕ)(p′, p). Since (A.40) must hold for arbitrary ξ(q) we finally
obtain the modified Ward identity in a form not involving the ghost anymore
1
g¯
qµ
∂Γ′
∂Aµ(q)
+
∫
ddp
(2π)d
[
∂Γ′
∂ϕ(p)
ϕ(p− q)−
∂Γ′
∂ϕ∗(p)
ϕ∗(p+ q)
]
(A.43)
=
∫ ddp
(2π)d
ddp′
(2π)d
[
(R(ϕ)(p, p′ + q)−R(ϕ)(p− q, p′))(Γ(2) +R)−1ϕ¯(p′)ϕ(p)
]
The existence of such a form is not surprising since for our choice of gauge fixing the
ghost sector is just a free field theory and can be omitted altogether. We observe
that the l.h.s. of eq. (A.43) is simply a local gauge variation of Γ′ with A¯ kept fixed.
The gauge-invariant and A¯-independent part of Γ′ does therefore not contribute.
From Γk(ϕ,A, A¯) ≡ Γk(ϕ,A, A¯, ξ = ξ¯ = 0) we may subtract a gauge-invariant
kernel Γ¯k[ϕ,A] = Γk[ϕ,A, A¯ = A] and define
Γˆgf ,k = Γk[ϕ,A, A¯]− Γ¯k[ϕ,A]− Γgf [A, A¯] (A.44)
We can therefore replace Γ′ by Γˆgf on the l.h.s. of (A.43). The Ward identity only
constrains the “generalized gauge-fixing term” Γˆgf,k which contains the k-dependent
counterterms for k > 0 and vanishes for k = 0. The invariance of the average action
with respect to simultaneous gauge transformations of A and A¯ implies
1
g¯
qµ
(
∂Γ
∂Aµ(q)
+
∂Γ
∂A¯µ(q)
)
+
∫
ddp
(2π)d
[
∂Γ
∂ϕ(p)
ϕ(p− q)−
∂Γ
∂ϕ∗(p)
ϕ∗(p+ q)
]
= 0
(A.45)
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and similarly for Γ′ or Γˆgf leading to an alternative form of the identity (A.43)
qµ
∂Γˆgf
∂A¯µ(q)
= −g¯
∫
ddp
(2π)d
ddp′
(2π)d
(R(ϕ)(p, p′ + q)−R(ϕ)(p− q, p′))(Γ(2) +R)−1ϕ¯(p′)ϕ(p)
(A.46)
It is interesting to compare this equation to an identity for the background field
dependence of Γˆgf derived earlier [6]
∂Γˆgf
∂A¯µ(q)
=
∫
ddp
(2π)d
ddp′
(2π)d
∂R(ϕ)(p, p′)
∂A¯µ(q)
(Γ(2) +R)−1ϕ¯(p′)ϕ(p) (A.47)
One can show [16] that the Ward identity A.46) can be derived from the more
general “background field identity” (A.47) by using the invariance of ∆
(ϕ)
k S under
simultaneous gauge transformations of ϕ,A and A¯ which yields
1
g¯
qµ
∂R(ϕ)(p, p′)
∂A¯µ(q)
= R(ϕ)(p− q, p′)−R(ϕ)(p, p′ + q) (A.48)
The background field identity (A.47) has a simple solution in the approximation
where the A¯ dependence of the propagator (Γ(2) +R)−1 on the r.h.s. is neglected
Γˆgf =< ∆
(ϕ)
k S > −∆
(ϕ)
k S[ϕ] =
∫
ddp
(2π)d
ddp′
(2π)d
R(ϕ)(p, p′) < ϕ∗(p)ϕ(p′) >c (A.49)
A background field identity for non-abelian gauge theories has also be derived [6],
[11]. The precise relation to the Slavnov-Taylor identity has not yet been established.
It is clear, however, that the background field identity contains information beyond
the Slavnov-Taylor identity.
Let us finally turn to solutions of the Slavnov-Taylor identity for non-abelian
gauge theories. We concentrate first on a vanishing infrared cutoff Rk = 0. We are
interested in solutions for vanishing sources β for the BRS-variations. Eq. (A.26)
contains then a sum of expressions for which the first factor can be evaluated at
β = 0, whereas the second factor involves the coefficients linear in β evaluated at
β = 0. It is straightforward to show that the ansatz
Γ = Γinv[A,ψ, ϕ] + Γgf + Γgh + Γs +∆Γ[A¯]
Γgf =
1
2α
∫
ddx(Dµ(A¯)(Aµ − A¯µ))
z(Dν(A¯)(Aν − A¯ν)
z
Γgh = −
∫
ddxξ¯z(Dµ(A¯)Dµ(A)ξ)
z
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Γs = −
∫
ddx
{1
g¯
β¯zµ(D
µ(A)ξ)z +
1
2
γ¯zf zywξyξw
−iδ¯(ψ)m ξ
z(Tz)mnψn + iδ
(ψ)
m ξ
z(T ∗z )mnψ¯n
+iδ¯(ϕ)a ξ
z(Tz)abϕb − iδ
(ϕ)
a ξ
z(T ∗z )abϕ
∗
b
}
(A.50)
obeys the identity (A.26) with vanishing anomaly on the r.h.s. Here Γinv[A,ψ, ϕ] is
an arbitrary gauge-invariant functional which does not depend on the ghost fields,
and ∆Γ[A¯] is an arbitrary gauge-invariant functional of the background field A¯. In
fact, gauge invariance of Γinv implies the identity
∫
ddp
(2π)d
{1
g¯
∂Γinv
∂Azµ(p)
(Dµ(A)ξ)
z(p) + i
∂Γinv
∂ψm(p)
(ξz(Tz)mnψn)(p)
−i
∂Γinv
∂ψ¯m(p)
(ξz(T ∗z )mnψ¯n)(p)
+i
∂Γinv
∂ϕa(p)
(ξz(Tz)abϕb)(p)− i
∂Γinv
∂ϕ∗a(p)
(ξz(T ∗z )abϕ
∗
b)(p)
}
= 0 (A.51)
This allows to replace Γ′ by Γgh for the first factors in (A.26). What remains is the
relation
∫
ddp
(2π)d
{
∂Γgh
∂Azµ(p)
(Dµ(A)ξ)z(p)−
g¯
2
f zyw
∂Γgh
∂ξz(p)
(ξyξw)(p)
}
= 0 (A.52)
which is easily verified using the Jacobi identity for the structure constants f ztwf tsy−
f ztyf tsw = f zstf tyw. We observe that the gauge-invariant part Γinv remains com-
pletely unconstrained by the Slavnov-Taylor identity. We can also verify that the
ansatz (A.50) obeys the field equation for the antighost (A.24). In contrast, the
source identities (A.31), (A.33) hold only if the pieces involving the connected two-
point functions < ac >c, < cc >c, < cϕ
′ >c etc. all vanish.
6 This is generically not
the case for the ansatz (A.50), since the cubic vertex ∼ g¯ξ¯ξA in Γgh induces a non-
trivial off-diagonal matrix element in the inverse propagator Γ
(2)
k , mixing the ghost
sector to the other fields. This, in turn, is responsible for corresponding off-diagonal
elements in (Γ(2) + R)−1. We observe that these off-diagonal elements vanish in
the limit of small gauge coupling g¯ → 0 such that (A.31) and (A.33) are obeyed in
this approximation. The situation for the ghost field equation (A.34) is completely
analogous. We conclude that for small g¯ → 0 the whole picture becomes formally
very similar to the abelian case discussed above, with leading non-abelian structure
6These two-point functions should be evaluated from the ansatz (A.50) for vanishing sources β.
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given by the ansatz (A.50). We should emphasize that this approximation can be
expected to be valid only for the momentum range where the running renormalized
gauge coupling remains small enough.
The ansatz (A.50) is, however, not the most general solution. We may try
to obtain a more general solution by replacing in (A.50) the ghost field ξz by a
functional ξˆz[A, ξ, ξ¯, ψ, ϕ] and changing the term linear in γ¯z. The functional ξˆz
should have ghost number one and obey the same symmetry transformation laws as
ξz under gauge transformations acting on A and A¯ simultaneously. Eq. (A.51) holds
also with ξ replaced by ξˆ such that Γinv again drops out. The remaining equation
relates ∂Γ
∂γ¯
to the functional form of ξˆ
∫
ddp
(2π)d
ddq
(2π)d
(Dµ(A)D
µ(A¯)ξ¯)z(q)
{ ∂ξˆz(q)
∂ξw(p)
∂Γ
∂γ¯w(p)
+
1
2
f zyw(ξˆyξˆw)(p)(2π)dδ(q − p) +
1
g¯
∂ξˆz(q)
∂Awµ (p)
(Dµ(A)ξˆ)w(p)
+i
∂ξˆz(q)
∂ψm(p)
(ξˆy(Ty)mnψn)(p)− i
∂ξˆz(q)
∂ψ¯m(p)
(
ξˆy(T ∗y )mnψ¯n
)
(p)
−i
∂ξˆz(q)
∂ϕa(p)
(ξˆy(Ty)abϕb)(p) + i
∂ξˆz(q)
∂ϕ∗a(p)
(ξˆy(T ∗y )abϕ
∗
b)(p)
}
= 0 (A.53)
Given an arbitrary ξˆ one can always solve the equation for ∂Γ
∂γ¯
provided the rela-
tion between ξˆ and ξ remains invertible. At this level we have therefore a general
class of solutions for the identity (A.26) since ξˆ remains essentially unconstrained.
The constraints arise from the source identities (A.31), (A.33) and the ghost field
equation (A.34). (Note that the field equation for the antighost (A.24) is obeyed
for arbitrary ξˆ.) In fact, the difference between ξˆ and ξ is related to the connected
two-point functions involving the ghost field
(Dµξˆ)
z − (Dµξ)
z = g¯f zwy < awµ c
y >c
(Tz)ab((ξˆ
z − ξz)ϕb− < c
zϕ′b >c) = 0 (A.54)
Similar relations must hold for ϕ∗, ψ and ψ¯ and the equation for ∂Γ
∂γ¯
must be com-
patible with the solution of (A.53). We conclude that the generalized ansatz with ξ
replaced by ξˆ can only be used in the approximation where this system of equations
for ξˆ is self-consistent. Beyond this approximation the gauge invariance of the sector
with ghost number zero (Γinv) can probably not be maintained.
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In the presence of a nonvanishing infrared cutoff Rk an additional piece Γct
containing counterterms should be added. It vanishes in the limit k → 0. In the
perturbative regime Γct contains a gluon mass term ∼ k
2 (see sect. 4). There is
no reason why Γct should be gauge-invariant under transformations which leave the
background field A¯ fixed. We may define Γct by the requirement that Γ− Γct obeys
the anomaly-free Slavnov-Taylor identity. The anomaly A
(g)
BRS + A
(m)
BRS on the r.h.s.
of eq. (A.26) determines then the form of Γct. In a lowest order approximation we
may treat Γct and the anomaly as a small quantity and linearize eq. (A.26) in Γct.
For the computation of the gluon propagator in the present paper we make only
a crude approximation for the three- and four-gluon vertices appearing on the r.h.s.
of the flow equation. They correspond to the ansatz (A.50) with Γinv containing
only a piece ∼ FµνF µν . An improved treatment of these vertices could generalize
Γinv for a nontrivial momentum dependence of the propagator
Γinv =
1
4
∫
dxFµνK(−D
2(A))F µν (A.55)
with K(x) = (GA(x)−GA(0)))/x.
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Figure Captions
Fig. 1: Wave function renormalization Z˜F as a function of the average scale k.
Fig. 2: Momentum-dependent anomalous dimension χ(q) in comparison with per-
turbation theory for various values of k ≥ 1 GeV.
Fig. 3: The same as fig. 2, for k ≤ 1 GeV.
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